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GC4= J45 0 F T45239A4C 6C
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=C4F 253JC
Γε = ω¯ ∪ Γ¯εL ∪ Γ¯ε1
 FGC8
• Γε1
C=3 @F T45239A4C =7>J49C74C 6 KJO7F3952
x3 = εh(x1, x2)

• ΓεL
C=3 @F T45239A4C @F3J4F@C 












0 < hmin ≤ h(x′) ≤ hmax, ∀(x′, 0) ∈ ω.
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2 253C
x = (x1, x2, x3) ∈ R3, x′ = (x1, x2) ∈ R2 0 C 65BF92C Ωε C=3 6522J >F4 







@C 3C2=C74 6C= 85234F923C= C3 >F4
D = (dij)1≤i,j≤3
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), 1 ≤ i, j ≤ 3.
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2 =7>>5=C O7C @F @59 6C 85B>543CB C23 67 796C =793 @F @59 6C >79==F28C ;
σεij = −pεδij + 2µ|D(uε)|r−2dij(uε),
ﬀ/0; 0/ﬂ











C=3 @F G93C==C 67 796C 
	
pε
C=3 =F >4C==952 
	
µ
C=3 =F G9=85=93J 
	
δij
C=3 @C =NB?5@C 6C   4	2C8	C4 0
^F2= 3573C @F =793C 257= 739@9=52= @F 852GC23952 6C =5BBF3952 6 KU92=3C92 >574 @C=
92698C= 4J> J3J= =F7T B C23952 85234F94C  C3 52 =C @9B 93C  6C= J857@CB C23= =3F39522F94C= 0
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=523 @C= =79GF23C= 

•  KJO7F3952 6C @F 852=C4GF3952 6C @F O7F2393J 6C B57GCBC23
∂σεij
∂xj
+ f εi = 0, i = 1, 2, 3,
ﬀ/0; 0;ﬂ
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=C4F 253J
n = (n1, n2, n3)

























)1≤i≤3 ∈ R3 67 3C2=C74 6C=






ijnj − σεnni, i = 1, 2, 3.
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2 6C 6522C4 @C= 852693952= F7L @9B 93C= >574 @F G 93C==C =74 @F T45239A4C 6C
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
257= F@@52= 923456794C @F T5283952 GC83549C@@C









g.n ds = 0.
ﬀ/0; 0Dﬂ
57= > 57G52= B5234C4 85BBC 6F2= / O7C 8C33C 852693952 C=3 JO79GF@C23C  @ KCL 9=3C28C
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57= =7>>5=52= F7==9 @ KCL 9=3C28C 67 T4533CB C23 @9O796C	=5@96C =74
ω
 8C T4533CB C23 C=3
B56J@9=J >F4 72C @59 252 @92JF94C 6C 3N> C 4C=8F P
| σεT | < kε ⇒ uεT = s
| σεT | = kε ⇒ ∃ λ ≥ 0
3C@ O7C
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GCB C23 4C@F39GC 67 796C −λσεT
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| σεT | < kε ⇒ uεT = s
| σεT | = kε ⇒ ∃ λ ≥ 0
3C@ O7C
uεT = s− λσεT
}
sur ω
M2 6C 6522C4 @F T54B7@F3952 GF49F39522C@@C 67 >45?@AB C T543
(Pbεf)
 257= F@@52= J3F?@94
@F 4CB F4O7C =79GF23C 

 $,
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7>>5=52= O7C uε GJ49C @F 852693952 F7L @9B 93C= 6C 4C=8F 0
B

 9 | σε |< kε  F@54= uεT = s
 6 K5 ﬀ/0; 0//ﬂ 0
B

 9 | σε |= kε F@54= 9@ CL 9=3C λ ≥ 0 3C@ O7C uεT = s− λσεT
 6 K5
(uεT − s).σεT + kε | uεT − s |= −λ | σεT |2 +λ | σεT |2= 0.




 9 | σεT |= kε
 F@54= 6C ﬀ/0; 0//ﬂ 52 F
(uεT − s).σεT = − | uεT − s | | σεT |,
6 K5 @ KCL 9=3C28C 6 K72




 9 | σεT |< kε
 F@54=
(uεT − s).σεT + kε | uεT − s |= 0 ≥ − | uεT − s || σεT | +kε | uεT − s |
≥ | uεT − s |
(





6528 | uεT − s |= 0
 6 K5
uεT = s.
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^F2= 8C33C =C83952 257= 6J29==52= @C 8F64C T52839522C@ 6F2= @CO7C@ 257= F@@52=





52 6J293 @C= C=>F8C= C3 @C= C2=CB?@C= =79GF23=




∈ Lr(Ωε) >574 i, j = 1, .., 3 }
@ KC=>F8C 6C 
5?5@CG B729 6C @F 254B C



































U2=793C  257= 6J29==52= @C= 852GCLC= TC4B J= 252 G 96C= 6C
(W 1,r(Ωε))3
Kε = {v ∈ (W 1,r(Ωε))3 : v = Gε =74 ΓεL, v = 0 =74 Γε1, v.n = 0 =74 ω},


















ε) = { q ∈ Lr′(Ωε) :
∫
Ωε
q dx = 0 }.
U22 257= 92345679=52= @C= 6C7L =57= C=>F8C= GC83549C@= 6C= T5283952= 6C
W 1,r(Ωε)
27@@C=





ε) = {ψ ∈W 1,r(Ωε) : ψ = 0 =74 Γε1},
W 1,rΓε1∪ΓεL
(Ωε) = {ψ ∈W 1,r(Ωε) : ψ = 0 =74 Γε1 ∪ ΓεL}.





2µ |D(u)|r−2D(u) : D(v) dx, ﬀ/0: 0/ﬂ
/H
FGC8
D(u) : D(v) = dij(u)dij(v).
 




A : (W 1,r(Ωε))3 −→ ((W 1,r(Ωε))3)′
u 7→ A(u)
3C@ O7C
(A(u), v) = a(u, v).
<574




kε | v − s | dx′, ﬀ/0: 0;ﬂ
jε
C=3 8523927C C3 852GCLC 0
U22  52 253C






dx, ∀(q, v) ∈ Lr′0 (Ωε)× (W 1,r(Ωε))3,
ﬀ/0: 0:ﬂ
(f ε, v) =
∫
Ωε
















































2 B7@39> @9C @ KJO7F3952 ﬀ/0; 0;ﬂ >F4
φ−uε 5 φ ∈ Kε  C2 923JS4F23 C3 C2 739@9=F23






(φi − uεi )dx−
∫
Γε
σεijnj(φi − uεi ) ds =
∫
Ωε
f εi (φi − uεi )dx.
ﬀ/0: 0Wﬂ
C= 852693952= F7L @9B 93C= ﬀ/0; 0Yﬂ C3 ﬀ/0; 0Pﬂ 9B>@9O7C23 O7C
∫
Γε
σεijnj(φi − uεi )ds =
∫
ω
σεij nj(φi − uεi )dx′.























(φi − uεi )dx−
∫
ω
σεT .(φ− uε)dx′ =
∫
Ωε
f εi (φi − uεi )dx,
ﬀ/0: 0Yﬂ
C2 F 573F23 C3 C2 4C34F28RF23 @C 3C4B C
∫
ω











(φi − uεi )dx+
∫
ω







kε(| φ− s | − | uε − s |)dx′ =
∫
Ωε






σεT .(φ− uε)dx′ +
∫
ω
kε(| φ− s | − | uε − s |)dx′,




(σεT .(φ− s) + kε | φ− s |)dx′,
54













(φi − uεi )dx+
∫
ω
kε(| φ− s | − | uε − s |)dx′ ≥
∫
Ωε




>F4 =F GF@C74  52 5?39C23
(A(uε), φ− uε) + Bε(pε, φ− uε) + jε(φ)− jε(uε) ≥ (f ε, φ− uε), ∀φ ∈ Kε, ﬀ/0: 0Hﬂ
6 K5 @C @CBBC

0
54=O7C @C= T5283952= 3C=3 F>>F439C22C23 
Kεdiv








(A(uε), φ− uε) + jε(φ)− jε(uε) ≥ (f ε, φ− uε), ∀φ ∈ Kεdiv.








(A(uε), φ− uε) + jε(φ)− jε(uε) + δKεdiv(φ)− δKεdiv(uε) ≥ (f ε, φ− uε),
∀φ ∈ (W 1,rΓε1 (Ωε))3.
MGC8
δKεdiv
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92TJ49C74CB C23 0
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V → V ′ 




)→ (A(u+ λv), w) ∀(u, v, w) ∈ V 3.
•              (
A(u)− A(v), u− v) ≥ 0 ∀(u, v) ∈ V 2.
•                (
A(u)−A(v), u− v) > 0 ∀(u, v) ∈ V 2 3C@ O7C u 6= v.
















   @9B =7>
j→+∞
(A(uj), uj − u) ≤ 0 
@9B 92T
j→+∞






































	! 	   
A
           
V → V ′  ϕ     
                     	    
v0
 	  





‖ u ‖ → ∞







u ∈ V        	       (
A(u)− f, v − u)+ ϕ(v)− ϕ(u) ≥ 0, ∀ϕ ∈ V.
 )
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Pb(Kεdiv)
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 952= 6F2= /D  0 ^ KF>4A= @C 3RJ54AB C /0: 0/ C3 @F >45> 5=93952 /0: 0/  9@ =7ﬃ 3 6C B5234C4 O7C
@F T52839522C@@C
jε + δKεdiv
C3 @ K5> J4F3C74
A




C=3 852GCLC =CB 9	8523927C 92TJ49C74CB C23 C3 >45>4C 0
99ﬂ
A
C=3 ?542J C3 RCB 98523927 0
999ﬂ
A
C=3 =34983CB C23 B525352C 0
9G ﬂ 1@ CL 9=3C
φ ∈ (W 1,rΓε1 (Ωε))3
3C@@C O7C
(jε + δKεdiv)(φ) < +∞,
C3
(A(v), v − φ) + (jε + δKεdiv)(φ)
‖ v ‖1,r → +∞
O7F26 ‖ v ‖1,r → +∞ ∀v ∈ (W 1,rΓε1 (Ω
ε))3.
9ﬂ 1@ C=3 JG96C23 O7C @F T52839522C@@C
jε + δKεdiv












| D(v) |r dx) 1r .



















x ∈ Ωε C3 (u, v, w) ∈ (W 1,rΓε1 (Ωε))3
 @ KF>>@98F3952
Λ : R −→ R
;;
λ −→| D(u(x) + λv(x)) |r−2 D(u(x)) : D(w(x)),
C=3 8523927C  6528
| D(u(x)+ λnv(x)) |r−2 D(u(x)) : D(w(x)) −→| D(u(x)+λv(x)) |r−2 D(u(x)) : D(w(x))
@54=O7C 2 3C26 GC4=
+∞ 0
^ KF734C >F43  52 F



















C=3 852GC4SC23C 6528 ?542JC  52 6J6793 O7 K9@ CL 9=3C 72C 852=3F23C
M > 0
3C@@C













∣∣D(u) : D(w)∣∣ ∈ L1(Ωε),
6528 6 KF>4A= @C 3RJ54AB C 6C 852GC4SC28C 65B 92J 6C C? C=S7C





C=3 RCB 98523927 0
999ﬂ <574 B5234C4 O7C
A
C=3 =34983CB C23 B 525352C  9@ =7ﬃ 3 6 K739@9=C4 @C= 6C7L 92JSF@9	
3J= =79GF23C= ﬀG594 >F4 CLCB>@C /]ﬂ 

( | x |r−2 x− | y |r−2 y, x− y) ≥ (1
2
)r−1
| x− y |r, ∀x, y ∈ R3 ∀r > 2, ﬀ/0: 0]ﬂ
( | x |r−2 x− | y |r−2 y, x− y) ≥ (r − 1)(| x | + | y |)r−2 | x− y |2 ∀x, y ∈ R3





LJ 0 ^ KF?546 6C @F 6J293952 ﬀ/0: 0;ﬂ 6C
jε
 52 F
(jε + δKεdiv)(φ) < +∞.
^ KF734C >F43  6 KF>4A= @ K92JSF@93J 6C ﬁ	 @6C4
(A(v) , φ) ≤ | v |r−11,r | φ |1,r
≤ ‖ v ‖r−11,r ‖ φ ‖1,r ∀v ∈ (W 1,rΓε1 (Ω
ε))3,
C2 739@9=F23 @ K92JSF@93J 6C  542 //  9@ CL 9=3C
K1 > 0
3C@@C O7C
| v |1,r≥ K1 ‖ v ‖1,r ∀v ∈ (W 1,rΓε1 (Ω
ε))3,
6528 (
A(v), v − φ)
‖ v ‖1,r ≥ K1 ‖ v ‖
r−1
1,r − ‖ v ‖r−21,r ‖ φ ‖1,r
≥ ‖ v ‖r−11,r
(
K1 − ‖ φ ‖1,r‖ v ‖1,r
)→ +∞
@54=O7C ‖ v ‖1,r→ +∞.
QC89 F8RAGC @F >4C7GC 67 3RJ54AB C /0: 0; 0

















uε ∈ Kεdiv, pε ∈ Lr′0 (Ωε)
3C@= O7C 

(A(uε), φ) + Bε(pε, φ) = (f ε, φ), ∀φ ∈ (W 1,r0 (Ωε))3,
uε
GJ49C @F 852693952 F7L @9B 93C= 6C 4C=8F
(1.2.9).











































ε, pε).φ dx′ = (A(uε), φ)− (pε, 69G(φ))− (f ε, φ), ﬀ/0: 0//ﬂ






















 9@ G 9C23 O7C∫
ω
σεT (u
















































=523 6C= =5@73952= 67 >45?@AB C
Pb2(K
ε)











>F4 =F GF@C74 6F2= @C 6C7L 9AB C 3C4B C 67 =C8526 BCB?4C 6F2=







	                 





















(A(uε), φ− uε) + Bε(pε, φ− uε) + jε(φ)− jε(uε) ≥ (f ε, φ− uε), ∀φ ∈ Kε. ﬀ/0: 0/Dﬂ
 
2 8R59=93
φ = uε ± ψ FGC8 ψ ∈ ((W 1,r0 (Ωε))3,
52 5?39C23




GJ49C23 @F 852693952 F7L @9B 93C= 6C 4C=8F 0
U2 739@9=F23 @F T54B7@C 6C  4CC2 6F2= ﬀ/0: 0/Wﬂ  9@ G 9C23 O7C
〈− 69G(2µ | D(uε) |r−2 D(uε))+∇pε − f ε, ψ〉 = 0 ∀ψ ∈ (W 1,r0 (Ωε))3,
6528
−69G(2µ | D(uε) |r−2 D(uε))+∇pε − f ε = 0 6F2= (W−1,r′(Ωε))3,
C3 85BBC
f ε ∈ (Lr′(Ωε))3  F@54=
−69G(2µ | D(uε |r−2 D(uε))+∇pε − f ε = 0 6F2= (Lr′(Ωε))3. ﬀ/0: 0/Yﬂ
QR59=9==52= B F923C2F23 6F2=
(1.3.14) φ = uε + ψ
FGC8





9@ G 9C23 O7C
a(uε, ψ)− (pε, 69G(ψ)) + jε(uε + ψ)− jε(uε) ≥ (f ε, ψ)












| D(uε) |r−2 dij(uε)ψinj dx′ + jε(uε + ψ)− jε(uε) ≥ 0






U2 739@9=F23 ﬀ/0: 0/Yﬂ C3 @C TF93 O7C







| D(uε) |r−2 di3(uε)ψi dx′ + jε(uε + ψ)− jε(uε) ≥ 0, ﬀ/0: 0/Hﬂ
8C33C 92JSF@93J > C73 = KJ8494C C2854C 
∫
ω




′ ≥ 0 ∀ψ ∈ (W 1,rΓε1∪ΓεL(Ω
ε))2.
ﬀ/0: 0/]ﬂ
QC33C 92JSF@93J 4C=3C GF@F?@C > 574 3573









′ ≥ 0 ∀ψ ∈ (Lr(ω))2, ﬀ/0: 0;Vﬂ
8C33C 92JSF@93J 9B>@9O7C ﬀG594 >F4 CLCB>@C @C 3RJ54AB C D 0; ;ﬂ O7C
uε
GJ49C @F 852693952








6C= =5@73952= 67 >45?@AB C
Pb2(K
ε)
0 ^ KF>4A= @C @CBBC /0: 0;  52 F >574 3573
φ ∈ Kε




C2 739@9=F23 @F 4CB F4O7C /0; 0;  9@ G 9C23 O7C∫
ω
σεT .(φ− uε)dx′ + jε(φ)− jε(uε) =
∫
ω










σεT .(φ− s) + kε | φ− s | dx′ ≥ 0 ,












 	    
 
pε ∈ Lr′0 (Ωε)
 	   
       













2 B5234C 85BBC 6F2= @F >4C7GC 67
3RJ54AB C /0: 0: O7C
uε







(A(uε), φ) = (f ε, φ), ∀φ ∈ (W 1,r0,div(Ωε))3,
uε












(A(uε)− f ε, φ) = 0 ∀φ ∈ V = {v ∈ D(Ωε) : 69G(v) = 0}. ﬀ/0: 0;;ﬂ
^ KF>4A= @C 3RJ54AB C ; 0H /  52 6J6793 O7 K9@ CL 9=3C
pε ∈W−1,r′(Ωε) 3C@ O7C 

A(uε)− f ε = ∇pε p.p 6F2= Ωε. ﬀ/0: 0;:ﬂ
U2 923JS4F23 ﬀ/0: 0;:ﬂ =74
Ωε
 52 B5234C TF89@CB C23 O7C
uε, pε




0 U3 6 KF>4A= @C 3RJ54AB C /0: 0:  52 6J6793 O7C
uε, pε
=523 JSF@CB C23 6C=





      










85BBC 6F2= ;  D  W 000 QC33C B J3R56C 852=9=3C  34F2=>5=C4 @C >45?@AB C 92939F@CB C23 > 5=J











C=3 6J29 >F4 

Ω = {(x′, z) ∈ R3 : x′ ∈ ω ; 0 < z < h(x′)}.
;P
 2 253C
Γ = ω¯ ∪ Γ¯1 ∪ Γ¯L =F T45239A4C 0 57= 6J29==52= =74 Ω 6C= 257GC@@C= 9285227C=

uˆεi (x
′, z) = uεi (x
′, x3), i = 1, 2
uˆε3(x
′, z) = ε−1uε3(x
′, x3)
pˆε(x′, z) = εrpε(x′, x3).
ﬀ/0D 0/ﬂ
<574 @C= 6522JC= 67 >45?@AB C  52 =7>>5=C O7 KC@@C= 6J> C26C23 6C
ε




fˆ(x′, z) = εrf ε(x′, x3)
gˆ(x′, z) = g(x′, x3).
ﬀ/0D 0;ﬂ
FGC8
kˆ, fˆ , gˆ






























>4J8J6CBBC23 923456793 85BBC =79GF23
Gεi (x
′, x3) = Gˆi(x
′, z) i = 1, 2,
Gε3(x
′, x3) = εGˆ3(x
′, z).




6 K72C TF52 CL>@9893C  8C O79



















)dx′dz = 0, ∀θ ∈ C∞0 (ω).
 










K = {ϕ ∈ (W 1,r(Ω))3 : ϕ = Gˆ =74 Γ1 ∪ ΓL ;ϕ.n = 0 =74 ω},
Kdiv = {ϕ ∈ K : 69G(ϕ) = 0},
;H
Π(K) = {ϕ¯ ∈ (W 1,r(Ω))2 : ϕ¯ = (ϕ1, ϕ2), ϕi = Gˆi =74 Γ1 ∪ ΓL >574 i = 1, 2},
Π˜(K) = {ϕ¯ ∈ Π(K) : ϕ¯ GJ49C ( #)},
Vz = {v = (v1, v2) ∈ (Lr(Ω))2 : ∂vi
∂z
∈ Lr(Ω), i = 1, 2 ; v = 0 =74 Γ1}.
Vz
C=3 72 C=>F8C 6C F2F8R B729 6C @F 254B C
‖ v ‖Vz= (
2∑
i=1






V˜z = {v ∈ Vz : v GJ49C @F 852693952 ( #)},
V˜z
C=3 72 =57= C=>F8C GC83549C@ 6C
Vz
0
U2 B7@39> @9F23 @ K92JSF@93J ﬀ/0: 0Hﬂ >F4
εr−1
 C3 C2 >F==F23 F7 65B F92C LC
Ω
C2 92345	
679=F23 @C= 257GC@@C= 9285227C= 6J29C= >F4 ﬀ/0D 0/ﬂ C3 @C= T5283952= 6J29C= >F4 ﬀ/0D 0;ﬂ  52
B5234C O7C @C >45?@AB C
Pb1(K
ε)














aˆ(uˆε, φˆ− uˆε)− (pˆε, 69G(φˆ− uˆε)) + jˆ(φˆ)− jˆ(uˆε) ≥
2∑
i=1
(fˆi, φˆi − uˆεi )






kˆ | φˆ− s | dx′,
C3




















































































      		 	 
 	
 
57= C==FN52= B F923C2F23  8RC48RC4 6C= C=39B F3952= F >49549 =74
uˆε, pˆε
0 <574 8C@F













     	  
0 < h(x′) ≤ hmax ∀x′ ∈ ω            
‖ uˆεi ‖Lr(Ω)≤ hmax ‖
∂uˆεi
∂z




0 < z < h(x′)
C3 9 / ; : LC  52 F
uˆεi (x





(x′, ξ)dξ + uˆεi (x








′, h(x′)) = 0
0
U2 739@9=F23 @ K92JSF@93J 6C ﬁ	 @6C4  F@54=









(x′, ξ) |r dx′dξ. ﬀ/0D 0Wﬂ














(x′, ξ) |r dξ, ﬀ/0D 0Yﬂ
C2 923JS4F23 8C33C 92JSF@93J =74
ω














(x′, ξ) |r dx′dξ,
6 K5 





















ϕ ∈ Kε   











   
















0 ICB F4O752= 6 KF? 546 O7C















@ K92JSF@93J 6C  542 =74 @C 65BF92C LC
Ω1





‖ ∇ϕ ‖Lr(Ω1)≤ C ‖ D(ϕ) ‖Lr(Ω1) .
 
4
‖ ∇ϕ¯ ‖Lr(Ω1)=‖ ∇ϕ ‖Lr(Ωε),
‖ D(ϕ¯) ‖Lr(Ω1)=‖ D(ϕ) ‖Lr(Ωε),






                          
         	  
r = 2

























































































































@F =5@73952 67 >45?@AB C
Pb(Kεdiv)
0 ^528
a(uε, uε) ≤ a(uε, φ) + jε(φ) + (f ε, uε)− (f ε, φ) ∀φ ∈ Kεdiv.
ﬀ/0D 0//ﬂ






2µCK ‖ ∇uε ‖rLr(Ωε)≤ a(uε, uε).
ﬀ/0D 0/;ﬂ
: /
U2 739@9=F23 @ K92JSF@93J 6C <5928F4J  52 5?39C23
‖ uε ‖Lr(Ωε)≤ εhmax ‖ ∇uε ‖Lr(Ωε) . ﬀ/0D 0/:ﬂ












 9@ G 9C23 O7C















‖ f ε ‖Lr′(Ωε)
)
,














‖ f ε ‖Lr′(Ωε),
52 5?39C23
‖ f ε ‖Lr′(Ωε) . ‖ uε ‖Lr(Ωε)≤
µCK
2
















‖ f ε ‖Lr′(Ωε) . ‖ φ ‖Lr(Ωε)≤
µCK
2















U2 739@9=F23 @C= 92JSF@93J= 6C ﬁ	 @6C4 C3 6C 572S  9@ G 9C23 O7C
| a(uε, φ) | ≤ 2µ
∫
Ωε



































| D(φ) |r dx,
6 K5
a(uε, φ) ≤ µCK
2





‖ D(φ) ‖rLr(Ωε) .
ﬀ/0D 0/Pﬂ
:;
U2 739@9=F23 ﬀ/0D 0//ﬂ	 ﬀ/0D 0/Pﬂ C3 C2 8R59=9==F23
φ = Gε
 52 6J6793 O7C



























′ ‖ f ε ‖r′
Lr′(Ωε)












i = 1, 2,
C2 B7@39> @9F23 ﬀ/0D 0/Hﬂ >F4
εr−1

























<574 5?3C294 @C= C=39B F3952= =74 @F >4C==952 ﬀ/0D 0]ﬂ	 ﬀ/0D 0/Vﬂ  52 8R59=93
φ = uε ± ψ 6F2=
ﬀ/0: 0Hﬂ FGC8






(ψ) dx = a(uε, ψ)− (f ε, ψ) ∀ψ ∈ (W 1,r0 (Ωε))3.






(ψ) dx |≤ µCK
2


























ψ = (ψ1, 0, 0)

ψ = (0, ψ2, 0)

ψ = (0, 0, ψ3)
 4C=> C839GCB C23 6F2= ﬀ/0D 0/]ﬂ  C3 C2
>F==F23 F7 65BF92C LC
Ω
52 5?39C23 ﬀ/0D 0]ﬂ	 ﬀ/0D 0/Vﬂ 0
















































































⇀ 0 (1 ≤ i ≤ 2) faiblement dans Lr(Ω), ﬀ/0D 0;:ﬂ
εuˆε3 ⇀ 0 faiblement dans L
r(Ω),
ﬀ/0D 0;Dﬂ












‖Lr(Ω)≤ C (1 ≤ i ≤ 2),







 C3 85BBC 8C3 C=>F8C C=3 4JCL 9T 52 5?39C23 @C 4J=7@3F3 6C 852GC4SC28C

















































)dx′dz = 0, ∀q ∈ C∞0 (ω).
ﬀ/0D 0;Yﬂ
M7==9 @C= 852GC4SC28C= ﬀ/0D 0; /ﬂ	 ﬀ/0D 0;:ﬂ 6J857@C23  >F4394 6C ﬀ/0D 0Hﬂ 0 <574 6JB5234C4
ﬀ/0D 0;D ﬂ  52 739@9=C 6 KF? 546 @ K92JSF@93J 6C <5928F4J  6528 9@ CL 9=3C 72C 852=3F23C
C > 0
O79
2C 6J> C26 >F= 6C
ε
3C@@C O7C






C=3 4JCL 9T  F@54= 9@ CL 9=3C 72C T5283952




 523452= 6F2= 72 >4CB 9C4 3CB>= O7C 8C33C @9B 93C
l
6J> C26 =C7@CB C23 6C
x′























dx′dz = 0, ∀ q ∈ D(Ω). ﬀ/0D 0;Pﬂ































Q5BBC 6F2= ; >F4 CLCB>@C  52 8R59=93
q(x′, z) = zθ(x′)− γ  θ ∈ C∞0 (ω)
FGC8
























































lhθdx′ = 0, ∀hθ ∈ C∞0 (ω).
<F4 @F 6C2=93J 6C C∞0 (ω)
6F2=
Lr(ω)




Q KC=3 TF89@C 6C >457GC4 ﬀ/0D 0;Wﬂ 0 U2 C C3  6 KF>4A= ﬀ/0D 0]ﬂ	 ﬀ/0D 0/Vﬂ  9@ CL 9=3C 72C 852=3F23C
C ′ > 0
3C@@C O7C
‖ ∇pˆε ‖W−1,r′(Ω)≤ C ′,
85BBC
pε ∈ Lr′0 (Ω)
 6528 9@ CL 9=3C 72C 852=3F23C
C ′′ > 0
3C@@C O7C ﬀG594 >F4 CLCB>@C ;/ﬂ 

‖ pˆε ‖Lr(Ω)≤ C ′′ ‖ ∇pˆε ‖W−1,r′(Ω) .
^ K5
‖ pˆε ‖Lr(Ω)≤ C ′C ′′,
C3 >F4 852=JO7C23 ﬀ/0D 0;Wﬂ 6J857@C 0

:W
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                	 

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6F2= ﬀ/0D 0:ﬂ 3C@ O7C
φˆi = uˆεi
>574
i = 1, 2, φˆ3 = uˆε3 ± ϕ
FGC8
































































ε(fˆ3, ϕ) = 0


















C2 739@9=F23 @ K92JSF@93J 6C ﬁ	 @6C4  52 5?39C23
| Aε(ϕ) |≤ ε(
∫
Ω















|r dx′dz) 1r . ﬀ/0W 0:ﬂ







| ai |)r ≤ n rr′ (
n∑
i=1
| ai |r) ∀r > 1,
:Y
F@54= 9@ CL 9=3C 72C 852=3F23C
C(r) > 0
O79 6J> C26 =C7@CB C23 6C
r
3C@@C O7C
























































U2 739@9=F23 ﬀ/0W 0:ﬂ	 ﬀ/0W 0D ﬂ  52 6J6793 O7C





























, ϕ) = 0 ∀ϕ ∈W 1,r0 (Ω).
U2 739@9=F23 6C ﬀ/0D 0;Wﬂ  52 6J6793 ﬀ/0W 0/ﬂ 0















 C3 S48C  ﬀ/0D 0;Yﬂ FGC8
q = θm







































































u ∈ K              	  
(F ′(u), v − u) +G(v)−G(u) ≥ 0, ∀v ∈ K, ﬀ/0W 0Wﬂ




C=3  F3CF7L 	69 J4C23F?@C C3 852GCLC  6528
F ′
C=3 B525352C C3 RJB 98523927C 

(F ′(v)− F ′(u), v − u) ≥ 0, ∀v, u ∈ V, ﬀ/0W 0Pﬂ
∀u, v, w ∈ V, λ→ (F ′(u+ λv), w) C=3 8523927C 6C R 6F2= R. ﬀ/0W 0Hﬂ
:P
U2 =5BBF23 ﬀ/0W 0Wﬂ C3 ﬀ: 0D 0;]ﬂ  52 3457GC ﬀ/0W 0Yﬂ 0
<4C2F23
v = (1− λ)u+ λw, λ ∈]0, 1[  C2 4CB>@FF23 6F2= ﬀ/0W 0Yﬂ  52 5?39C23 

(F ′(1− λ)u+ λw), λ(w − u)) +G((1− λ)u+ λw)−G(u) ≥ 0,




λ(F ′(1− λ)u+ λw), (w − u)) + λ(G(w)−G(u)) ≥ 0
52 6JG 9=C >F4
λ
 >79=  @ KF96C 6C ﬀ/0W 0Yﬂ 52 >F==C  @F @9B 93C O7F26













uˆεi → u?i fortement
6F2=



























(φˆi − u?i )
)
+
+ jˆ(φˆ)− jˆ(u?) ≥
2∑
i=1
(fˆi, φˆi − u?i ) ∀φˆ ∈ Π(K),
ﬀ/0W 0/Vﬂ
























<574 @F >4C7GC 6C
(1.5.9)












0 U2 739@9=F23 @ K92JSF@93J =79GF23C




| x− y |r ∀r ≥ 2 C3 x, y ∈ Rn, ﬀ/0W 0/:ﬂ
















f ε(uε − φ)dx+ a(φ, φ− uε).
:H
U2 B7@39> @9F23 @ K92JSF@93J >4J8J6C23C >F4
εr−1
























3 − φˆ3)dx′dz + aˆ(φˆ, φˆ− uˆε).

593
u¯ε = (uˆε1, uˆ
ε
2), u




φ¯ = (φˆ1, φˆ2),
6528




































































i − φˆi)dx′dz + δ ∀ε < ε(δ).




>574 @F 254B C
6C
V˜z
0 1@ CL 9=3C 6528 72C =57= =793C









C=3 F4?934F94C  >F4 @F =CB 9	852392793J 6C @F T5283952
jˆ











(1 < r < 2)


F 6JB52=34F3952 C=3 @F B BC O7C 6F2= @C >4CB 9C4 8F=  9@ =7ﬃ 3 7=3C 6 K739@9=C4 @ K92JSF@93J
=79GF23C 

(| x |r−2 x− | y |r−2 y, x− y) ≥ (r − 1)(| x | + | y |)r−2 | x− y |2, ∀x, y ∈ Rn.
• <574 B5234C4 @ K92JSF@93J GF49F39522C@@C @9B 93C ﬀ/0W 0/Vﬂ  C2 739@9=F23 6 KF? 546 @C @CBBC

















(fˆi, φˆi − uˆεi ) + ε(fˆ3, φˆ3 − uˆε3) ∀φˆ ∈ K.
ﬀ/0W 0/Wﬂ
:]
U2 739@9=F23 @C= 4J=7@3F3= 6C 852GC4SC28C 67 3RJ54AB C /0D 0; C3 @C TF93 O7C
jˆ
C=3 852GCLC C3

































(fˆi, φˆi − u?i ).
ﬀ/0W 0/Yﬂ































(fˆi, φˆi − u?i ).
ﬀ/0W 0/Pﬂ
U2 739@9=F23 @C @CBBC 6C  923N 52 5?39C23 ﬀ/0W 0/Vﬂ 0
• ^ KF>4A= D  ﬀ@CBBC W 0:ﬂ  257= > 57G52= 8R59=94 φˆ 6F2= ﬀ/0W 0/Vﬂ 3C@ O7C
φˆi = u
?

































 39@9=52= B F923C2F23 @F T54B7@C 6C  4CC2  C3 C2 8R59=9==F23
ϕ1 = 0
C3
ϕ2 ∈ W 1,r0 (Ω)

>79=
































6F2= ﬀ/0W 0/Hﬂ 3C@ O7C
ϕi(x
′, z) = θ(x′)z(z − h(x′)), >574 9 / ; 
FGC8











i = 1, 2,
∂ϕ
∂z



































fˆiθz(z − h)dx′dz. ﬀ/0W 0;Vﬂ
Q5BBC 6C ﬀ/0W 0/ﬂ 52 F
p?
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1, 2 (
8F4
fˆ ∈ Lr′(Ω) C3 h ∈ L∞(ω)ﬂ 0 ^528 6 KF>4A= ﬀ/0W 0;;ﬂ 52 6J6793 O7C
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∂xi
∈ Lr′(ω) >574 i = 1, 2,
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kˆ(| ψ + s? − s | − | s? − s |)dx′ −
∫
ω
µτ ?ψdx′ ≥ 0 ∀ψ ∈ (Lr(ω))2, ﬀ/0W 0;:ﬂ
        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i = 1, 2,
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ψ ∈ (W 1,rΓ1∪ΓL(Ω))2
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n = (0, 0,−1) C=3 @C GC83C74 254B F@ 7293F94C CL3J49C74  ω  C2 739@9=F23 @F
















































kˆ(| ψ + s? − s | − | s? − s |)dx′ −
∫
ω
µτ ?ψdx′ ≥ 0, ﬀ/0W 0;Pﬂ
8C33C 92JSF@93J 4C=3C GF@F?@C >574 3573
ψ ∈ (D(ω))2  C3 >F4 @F 6C2=93J 6C D(ω) 6F2= Lr(ω)
52 6J6793 ﬀ/0W 0;:ﬂ 0
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i = 1, 2.
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(U1, p1), (U2, p2)
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(φˆi − U1i )) +
+ jˆ(φˆ)− jˆ(U1) ≥
2∑
i=1
























(φˆi − U2i )) +
+ jˆ(φˆ)− jˆ(U2) ≥
2∑
i=1
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(U1i − U2i )dx′dz ≤ 0,
739@9=52= @C= 6C7L 92JSF@93J= =79GF23C=
(| x |r−2 x− | y |r−2 y , x− y) ≥ (| x | + | y |)r−2 | x− y |2 ∀1 < r < 2 C3 x, y ∈ Rn,
(| x |r−2 x− | y |r−2 y, x− y) ≥ (1
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(U1 − U2) ‖(Lr(Ω))2= 0.
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j = 1, 2.
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∇(p1 − p2)∇φ dx′ = 0.
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Ωε
6J=9S2C4F @C B BC 65B F92C B 928C 852=96J4J C2 >4CB 9C4 8RF>934C
Ωε = {(x′, x3) ∈ R3 : (x′, 0) ∈ ω , 0 < x3 < εh(x′)}.
57= 4F>>C@52= O7C
Γε
C=3 =F T45239A4C  FGC8
Γε = ω¯ ∪ Γ¯εL ∪ Γ¯ε1.
57= 852=96J452= @ KJ857@CB C23 =3F39522F94C 252	9=53RC4B C 9285B>4C==9? @C 6 K72 796C 252	
 C 3529C2 6523 @F G9=85=93J =793 @F @59 6C >79==F28C 0 <574 6C= T548C= CL3J49C74C=
f ε
6522JC= 
257= =7>>5=52= O7C @ KJ857@CB C23 67 796C C=3 S57GC42J >F4 @C= JO7F3952= =79GF23C= 
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C=3 @F G93C==C 67 796C 
	
pε
C=3 =F >4C==952 
	
T ε
C=3 =F 3CB>J4F374C 
	
µε
C=3 =F G9=85=93J 0
• F @59 6C @F 852=C4GF3952 6C @ KC2C4S9C
−∇.(Kε∇T ε)+ rεT ε = 2µε(T ε) | D(uε) |r 6F2= Ωε, ﬀ; 0; 0:ﬂ
Kε, rε
6J=9S2C23 4C=> C839GCB C23  @F 85267839G 93J 3RC4B 9O7C C3 @ KF>>543 B F==9O7C 6C @F
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g = (g1, g2, g3)
3C@@C O7C ∫
Γε
g.n ds = 0.
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 @F G 93C==C C=3 85227C C3 >F4F@@A@C F7 >@F2 6C
ω
uε = g avec g3 = 0.
ﬀ; 0; 0Pﬂ
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| σεT | < kε ⇒ uεT = s
| σεT | = kε ⇒ ∃ λ ≥ 0
3C@ O7C
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ε.n = uεini ; u
ε
Ti
= uεi − uεnni,
ﬀ; 0; 0/Vﬂ
σεn = (σ
ε.n).n = σεijninj ; σ
ε
Ti
= σεijnj − σεnni,
ﬀ; 0; 0//ﬂ
4C=> C839GCB C23  @F G 93C==C 254B F@C  @F G 93C==C 3F2SC239C@@C  @F 85B>5=F23C 254B F@C C3 3F2	
SC239C@@C 67 3C2=C74 0
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∈ Lr(Ωε) >574 i, j = 1, .., 3 },
W 1,r0 (Ω
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/ ﬀ@CBBC : 0:ﬂ O7C ﬀ; 0; 0D ﬂ C=3 JO79GF@C23C  @ KCL 9=3C28C 6 K72C T5283952
Gε
3C@@C O7C
Gε ∈ (W 1,r(Ωε))3 FGC8 69G(Gε) = 0 6F2= Ωε, et Gε = g =74 Γε. ﬀ; 0: 0/ﬂ





(Ωε) = {ψ ∈ W 1,r(Ωε) : ψ = 0 =74 Γε1 ∪ ΓεL},
H1Γε1∪ΓεL(Ω
ε) = {ψ ∈ H1(Ωε) : ψ = 0 =74 Γε1 ∪ ΓεL},
Kε = {v ∈ (W 1,r(Ωε)3 : v = Gε =74 ΓεL, v = 0
=74
Γε1, v.n = 0
=74
ω},







ε) = { q ∈ Lr′(Ωε) :
∫
Ωε
q dx = 0}.
F T54B7@F3952 GF49F39522C@@C 67 >45?@AB C ﬀ; 0; 0/ﬂ	 ﬀ; 0; 0/:ﬂ = KJ8493 6528 

457GC4
uε ∈ Kεdiv, pε ∈ Lr′0 (Ωε), T ε ∈W 1,qΓε1∪ΓεL(Ω
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3C@@C= O7C






rεT εψdx = 2
∫
Ωε





a(T ε; uε, φ− uε) = 2
∫
Ωε
µε(T ε) | D(uε) |r−2 D(uε) : D(φ− uε)dx,
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f ε ∈ (W 1,r′(Ωε))3, ﬀ; 0: 0Dﬂ
µε, Kε ∈ C1(R), ﬀ; 0: 0Wﬂ
C3 9@ CL 9=3C 6C= 852=3F23C=
µ?, µ










0 < µ? ≤ µε ≤ µ? ﬀ; 0: 0Yﬂ
0 < Kε? ≤ Kε ≤ K?ε ,
ﬀ; 0: 0Pﬂ




? 2C 6J> C26C23 >F= 6C ε










































































































































































0 ^C ﬀ; 0: 0]ﬂ 52 6J6793 O7 K9@
CL 9=3C
uε ∈ Kε 3C@@C O7C uεθn ⇀ uε
 B523452= 6 KF? 546 O7C
uε = uεθ.
U2 C C3  52 F
a(θn; u
ε
θn, φ− uεθn) + jε(φ)− jε(uεθn) ≥ (f ε, φ− uεθn) ∀φ ∈ Kεdiv,
6 KF>4A= @C @CBBC 6C  923N 8C33C 92JSF@93J C=3 JO79GF@C23C 
a(θn;φ, φ− uεθn) + jε(φ)− (f ε, φ− uεθn) ≥ jε(uεθn) ∀φ ∈ Kεdiv,
C3 85BBC
θn −→ θ T543CB C23 6F2= W 1,qΓε1∪ΓεL(Ω
ε)
C3




µε(θn) −→ µε(θ) >4C=O7C >F43573 0 U2 >F==F23  @F @9B 93C 6F2=
@ K92JO7F3952 >4J8J6C23C  9@ G 9C23 O7C
a(θ;φ, φ− uε) + jε(φ)− (f ε, φ− uε) ≥ lim inf
n→+∞
jε(uεθn) ≥ jε(uε) ∀φ ∈ Kεdiv.
M>>@9O752= 72C 6C7L 9AB C T59= @C @CBBC 6C  923N 52 5?39C23
a(θ; uε, φ− uε) + jε(φ)− jε(uε) ≥ (f ε, φ− uε) ∀φ ∈ Kεdiv,
54 > 574
θ
LJ 8C33C 6C429A4C 92JO7F3952 GF49F39522C@@C F6B C3 72C =5@73952 729O7C  6528
uε = uεθ.
^ KF734C >F43  52 F
a(θ; uεθ, u
ε





θ − uεθn) + jε(uεθ)− jε(uεθn) ≥ (f ε, uεθ − uεθn),





θn − uεθ)− a(θ; uεθ, uεθn − uεθ) ≤ 0,










θn − uεθ)− a(θn; uεθ, uεθn − uεθ) = a(θn; uεθn, uεθn − uεθ)− a(θ; uεθ, uεθn − uεθ)
+a(θ; uεθ, u
ε
θn − uεθ)− a(θn; uεθ, uεθn − uεθ)




r ≥ 2 52 F
(| x |r−2 x− | y |r−2 y, x− y) ≥ (1
2
)r−1 | x− y |r >574 3573 x, y ∈ Rn,





θn − uεθ)− a(θn; uεθ, uεθn − uεθ) ≥ µ?(
1
2
)r−1 ‖ D(uεθn − uεθ) ‖Lr(Ωε),
WD
FGC8 @ K92JSF@93J 6C  542 C3 ﬀ; 0: 0/Vﬂ  52 6J6793 O7C
uεθn








1 < r < 2
52 F
(| x |r−2 x− | y |r−2 y, x− y) ≥ (r − 1)(| x | + | y |)r−2 | x− y |2 >574 3573 x, y ∈ Rn,





θn − uεθ)− a(θn; uεθ, uεθn − uεθ) ≥
≥ µ?(r − 1)
‖ D(uεθn − uεθ) ‖2Lr(Ωε)
(‖ D(uεθn) ‖Lr(Ωε) + ‖ D(uεθ) ‖Lr(Ωε))2−r
54
‖ D(uεθ) ‖Lr(Ωε)≤‖ ∇(uεθ) ‖Lr(Ωε),





θn − uεθ)− a(θn; uεθ, uεθn − uεθ) ≥ µ?(r − 1)
1
(2Cε)2−r
‖ D(uεθn − uεθ) ‖2Lr(Ωε),
@F 852=3F23C
Cε
2C 6J> C26 >F= 6C 2 0 U2 739@9=F23 @ K92JSF@93J 6C  542 C3 ﬀ; 0: 0/Vﬂ  52 5?39C23




























   
  


















0 57= 852=96J452= @F T5283952
(λ, v) −→ mδ(λ, v) = 2µ
ε(λ) | D(v) |r















@ K729O7C =5@73952 6C @ K92JO7F3952 GF49F39522C@@C =79	
GF23C




‖ mδ(θ, uεθ) ‖L1(Ωε) =
∫
Ωε
2µε(θ) | D(uεθ) |r
1 + 2δµε(θ) | D(uεθ) |r
dx
≤ 2µ? ‖ D(uεθ) ‖rLr(Ωε) .
U2 739@9=F23 ﬀ; 0: 0]ﬂ C3 @C TF93 O7C
‖ D(uεθ) ‖Lr(Ωε)≤‖ ∇uεθ ‖Lr(Ωε),
WW
F@54= 9@ CL 9=3C 72C 852=3F23C
Cε1







‖ mδ(θ, uεθ) ‖L1(Ωε)≤ Cε1 .
ﬀ; 0: 0/:ﬂ
Q52=96J452= F@54= @C >45?@AB C 923C4B J69F94C =79GF23 

457GC4













θ)ψ, ∀ψ ∈ H1Γε1∪ΓεL(Ω
ε).
ﬀ; 0: 0/Dﬂ
U2 F>>@9O7F23 @C @CBBC 6C FL 	 9@S4FB 8C >45?@AB C F6BC3 72C =5@73952 729O7C 0
Q52=96J452= B F923C2F23 @ KF>>@98F3952 =79GF23C 

Υ : B(0, C˜) ∩W 1,qΓε1∪ΓεL(Ω
ε) −→ B(0, C˜) ∩W 1,qΓε1∪ΓεL(Ω
ε)
θ −→ T εδ
5
B(0, C˜)
C=3 @F ?57@C TC4B JC 6C
W 1,qΓε1∪ΓεL
(Ωε)
6 K549S92C V C3 6C 4FN52
C˜
>F4 4F>>543  @F










3C@@C O7C @ KF>>@98F3952
Υ
=593 ?9C2 6J29C 0
 
2 8R59=93 6 KF? 546
6F2= ﬀ; 0: 0/D ﬂ

























Kε∇T εδ∇(ϕ(T εδ ))dx =
∫
Ωε
| ∇T εδ |2
(1+ | T εδ |)ξ+1
dx,





δ )dx ≥ 0,
6C ﬀ; 0: 0/D ﬂ C3 ﬀ; 0: 0/:ﬂ 52 6J6793 O7C
∫
Ωε
| ∇T εδ |2

























| ∇T εδ |q≤
(∫
Ωε
| ∇T εδ |2
(1+ | T εδ |))ξ+1
)q/2(∫
Ωε











C2 739@9=F23 ﬀ; 0: 0/Yﬂ  9@ G 9C23 O7C
∫
Ωε












(a+ b)p ≤ 2p−1(ap + bp) ∀(a, b) ∈ R+? ∀p > 1,
ﬀ; 0: 0/Hﬂ
6528
(1+ | T εδ |)q




(a+ b)p ≤ ap + bp ∀(a, b) ∈ R+? ∀p ∈]0, 1[,
ﬀ; 0: 0/]ﬂ












| Ωε |(2−q)/2 +( ∫
Ωε




 39@9=52= B F923C2F23 @ K92JSF@93J 6C <5928F4J	
5?5@CG  >79= ﬀ; 0: 0;Vﬂ  9@ CL 9=3C 72C 852=3F23C
C? > 0





| T εδ |q
?
)1/q?







| Ωε |(2−q)/2q +( ∫
Ωε
| T εδ |q
? )(2−q)/2q)
.
ﬀ; 0: 0; /ﬂ
^ KF734C >F43  >574 3573
a > 0, c1 > 0, c2 > 0
C3
0 < s < t
=9
at ≤ c1 + c2 as F@54= a ≤ max
{














 52 F ?9C2
0 < s1 < t1
 8F4








 52 6J6793 O7C
(∫
Ωε




































C=3 72C 852=3F23C O79 2C 6J> C26 >F= 6C
δ.
U3 85BBC




| T εδ |q
?
)(2−q)/2
≤ A. ﬀ; 0: 0;:ﬂ
 
2 4CG9C23  ﬀ; 0: 0;Vﬂ  52 6J6793 O7C
∫
Ωε

















| Ωε |(2−q)/2 +A
)}1/q
.





































57= 5?3C252= F7==9 @ KC=39B F3952 =79GF23C =74 @F >4C==952
pεδ
85BBC 6F2= @C 3RJ54AB C /0D 0/





‖W−1,r′(Ω)≤ C i = 1, 2, 3.
ﬀ; 0: 0;Wﬂ
WH
U2 739@9=F23 ﬀ; 0: 0]ﬂ  ﬀ; 0: 0;D ﬂ C3 ﬀ; 0: 0;Wﬂ  C3 C2 >4C2F23 72C =793C
δ −→ 0  52 5?39C23
uεδ ⇀ u
ε TF9? @CB C23 6F2= Kεdiv,
pεδ ⇀ p
ε TF9? @CB C23 6F2= Lr
′
(Ωε),
T εδ ⇀ T
ε TF9? @CB C23 6F2= W 1,qΓε1∪ΓεL
(Ωε)
C3 T543CB C23 6F2=
LqΓε1∪ΓεL
(Ωε).














2µε(T ε) | D(uε) |r 6F2= L1(Ωε),
C2 >F==F23  @F @9B 93C 3C4B C  3C4B C  52 8528@73 TF89@CB C23 O7C
(uε, pε, T ε)
4J=573 ﬀ; 0: 0;ﬂ	
ﬀ; 0: 0:ﬂ 0 M 92=9 = KF8RAGC @F >4C7GC 67 3RJ54AB C ; 0: 0; 0

      
    	  
 
	 	  




<574 @ KF2F@N=C F=NB>3539O7C 67 >45?@AB C  257= 739@9=52= 85BBC 6F2= @C >4CB 9C4




 F92=9 @C 65BF92C
Ωε





Ω = {(x′, z) ∈ R3 3C@ O7C (x′, 0) ∈ ω C3 0 < z < h(x′)}.
 
2 253C
Γ = ω¯ ∪ Γ¯1 ∪ Γ¯L =F T45239A4C 0





′, z) = uεi (x
′, x3)
>574
i = 1, 2, ; uˆε3(x
′, z) = ε−1uε3(x
′, x3),
pˆε(x′, z) = εrpε(x′, x3) ; Tˆ ε(x
′, z) = T ε(x′, x3),
Kˆ(x′, z) = ε−2+r+αKε(x′, x3) , rˆ(x
′, x3) = ε
r+αrε(x′, z)







 2 =7>>5=C F7==9 O7C
K? ≤ Kˆ ≤ K?, ﬀ; 0D 0;ﬂ


























923456793 >4J8J6CBBC23 =C4F 6J29 6C @F B F29A4C =79GF23C
Gεi (x
′, x3) = Gˆi(x
′, z) i = 1, 2 ; Gε3(x
′, x3) = εGˆ3(x
′, z).
Q5BBC 6F2= D  52 693 O7C








)dx′dz = 0, ∀θ ∈ C∞0 (ω).
57= 92345679=52= B F923C2F23 @C 8F64C T52839522C@ =74
Ω
85BBC 8C O79 =793
Lr
′






K = {ϕ ∈ (W 1,r(Ω))3 : ϕ = (ϕ1, ϕ2, ϕ3), ϕ = Gˆ =74 Γ1 ∪ ΓL ; ϕ.n = 0 =74 ω},
Kdiv = {ϕ ∈ V : 69G(ϕ) = 0},
Π(K) = {ϕ¯ ∈ (W 1,r(Ω))2 : ϕ¯ = (ϕ1, ϕ2), ϕi = Gˆi =74 Γ1 ∪ ΓL i = 1, 2},
Π˜(K) = {ϕ¯ ∈ Π(K) : ϕ¯ GJ49C (D′)}.
Vz = {v = (v1, v2) ∈ (Lr(Ω))2 : ∂vi
∂z
∈ Lr(Ω), i = 1, 2 ; v = 0 =74 Γ1}
Vz
C=3 72 C=>F8C 6C F2F8R >574 @F 254B C
‖ v ‖Vz= (
2∑
i=1








@C =57= C=>F8C GC83549C@ 6C= T5283952= 6C
Vz
O79 GJ49C23 @F 852693952 ﬀ^ Kﬂ 0
U2 92345679=F23 @C= 257GC@@C= 9285227C= C3 @C= 257GC@@C= T5283952= 6J29C= >F4 ﬀ; 0D 0/ﬂ  257=
B523452= O7C @C >45?@AB C ﬀ; 0: 0;ﬂ	 ﬀ; 0: 0:ﬂ C=3 JO79GF@C23  3457GC4
(uˆε, pˆε, Tˆ ε) ∈ Kdiv × Lr′0 (Ω)×W 1,qΓ1∪ΓL(Ω)
3C@= O7C 

aˆ(Tˆ ε; uˆε, φˆ− uˆε)− (pˆε, 69Gz(φˆ− uˆε)) + jˆ(φˆ)− jˆ(uˆε) ≥
2∑
i=1
(fˆi, φˆi − uˆεi )







kˆ | φˆ− s | dx′,

















































































= ε | D(uε) |
C3 ∫
Ω
ε2Kˆ(Tˆ ε) ∇εTˆ ε∇εψˆdx′dz +
∫
Ω
rˆTˆ εψˆ = 2
∫
Ω
εαµˆ(Tˆ ε) | Dˆ(uˆε) |r ψˆdx′dz















      		 










































































a(T ε; uε, uε) ≤ a(T ε; uε, φ) + jε(φ) + (f ε, uε)− (f ε, φ) ∀φ ∈ Kεdiv.
ﬀ; 0D 0Hﬂ






2µ?CK ‖ ∇uε ‖rLr(Ωε)≤ a(T ε; uε, uε).
ﬀ; 0D 0]ﬂ
 39@9=52= @ K92JSF@93J 6C <5928F4J  F@54=
‖ uε ‖Lr(Ωε)≤ εhmax ‖ ∇uε ‖Lr(Ωε), ﬀ; 0D 0/Vﬂ
>F4 @ K92JSF@93J 6C 572S C3 ﬀ; 0D 0/Vﬂ 52 5?39C23


































‖ f ε ‖Lr′(Ωε)‖ φ ‖Lr(Ωε)≤
µ?CK
2











‖ f ε ‖r′
Lr′(Ωε)
ﬀ; 0D 0/;ﬂ
6 KF734C >F43  C2 739@9=F23 @ K92JSF@93J 6C ﬁ	 @6C4 >79= 8C@@C 6C 572S  52 5?39C23
| a(T ε; uε, φ) | ≤ 2µ?
∫
Ωε





































| D(φ) |r dx,
6528
a(T ε; uε, φ) ≤ µ?CK
2






‖ D(φ) ‖rLr(Ωε) .
ﬀ; 0D 0/:ﬂ
U2 739@9=F23 ﬀ; 0D 0Hﬂ	 ﬀ; 0D 0/:ﬂ C3 C2 8R59=9==F23
φ = Gε
 52 6J6793 O7C





























′ ‖ f ε ‖r′
Lr′(Ωε)











i = 1, 2,
B7@39> @9F23 ﬀ; 0D 0/Dﬂ >F4
εr−1

























<79= 257= B 523452= ﬀ; 0D 0Yﬂ	 ﬀ; 0D 0Pﬂ 85BBC 6F2= @C 3RJ54AB C /0D 0/0
      		 
 	  
	

^F2= @C @CBBC =79GF23 52 5?39C23 6C= C=39B F3952= =74 @C S4F69C23 6C @F 3CB>J4F374C

























‖W 1,q(Ω)≤ C. ﬀ; 0D 0/Yﬂ
 )
	
<574 B5234C4 @C= C=39B F3952= ﬀ; 0D 0/Wﬂ	 ﬀ; 0D 0/Yﬂ  257= F@@52= 739@9=C4 @C= B BC=
3C8R29O7C= 739@9=JC= 6F2= @F >4C7GC 67 3RJ54AB C ; 0: 0;  52 8R59=93 6F2= ﬀ; 0D 0D ﬂ
ψˆ = ϕ(Tˆ ε),
FGC8
ϕ
C=3 @F T5283952 6J29C >F4 ﬀ; 0: 0/Wﬂ  9@ G 9C23 O7C
∫
Ω
| ∇εTˆ ε |2







| Dˆ(uˆε) |r dx′dz,
6 KF734C >F43  9@ CL 9=3C 72C 852=3F23C
C(r) > 0
6J>C26 =C7@CB C23 6C
r∫
Ω

























C2 739@9=F23 8C33C 92JSF@93J C3 ﬀ; 0D 0Wﬂ  52 6J6793 O7C
∫
Ω
| ∇εTˆ ε |2









C=3 72C 852=3F23C 926J> C26F23C 6C
ε




2/(2− q)  >574 q < 3/2  52 5?39C23∫
Ω
| ∇εTˆ ε |q≤
(∫
Ω
| ∇εTˆ ε |2
(1+ | Tˆ ε |))ξ+1
)q/2(∫
Ω






(ξ + 1)q/(2− q) ≤ q?  C3 739@9=52= ﬀ; 0D 0/Pﬂ  9@ G 9C23 O7C∫
Ω













| Ω |(2−q)/2 +( ∫
Ω
| Tˆ ε |q? )(2−q)/2).
ﬀ; 0D 0/Hﬂ
 39@9=52= B F923C2F23 @ K92JSF@93J 6C <5928F4J	






| Tˆ ε |q?
)1/q?
≤ C? ‖ ∇Tˆ ε ‖Lq(Ω)







| Ω |(2−q)/2q +( ∫
Ω
| Tˆ ε |q? )(2−q)/2q),
739@9=52= @ K92JSF@93J ﬀ; 0: 0;;ﬂ  52 F74F
(∫
Ωε
| T ε |q?
)(2−q)/2

































































3(2− q)(−1 + α
2
) < 0





























| Ω |(2−q)/2 +β ε3(2−q)(−1+α2 )
)
,
























2 G593 ?9C2 O7C @F 852=3F23C
C
2C 6J> C26 >F= 6C
ε. 
<574 @F =793C  52 923456793 @ KC=>F8C T52839522C@ =79GF23




             
 48C F7L C=39B F3952= 5?3C27C= 6F2= @F =C83952 >4J8J6C23C 257= 5?3C252= 6 KF? 546
6C= 4J=7@3F3= 6C 852GC4SC28C 0 <79= 257= J3F?@9==52= @ KJO7F3952 TF9?@C SJ2J4F@9=JC 6C ICN	
25@6= 0




















u? = (u?1, u
?






ε→ 0  	  
uˆεi ⇀ ui














⇀ 0 (1 ≤ i ≤ 2) faiblement dans Lr(Ω), ﬀ; 0W 0Dﬂ
εuˆε3 ⇀ 0 faiblement dans L
r(Ω),
ﬀ; 0W 0Wﬂ









⇀ 0 faiblement dans Lq(Ω), i = 1, 2.
ﬀ; 0W 0Hﬂ
 )
	 ^ KF>4A= ﬀ; 0D 0Wﬂ	 ﬀ; 0D 0Pﬂ 257= 5?3C252= ﬀ; 0W 0/ﬂ	 ﬀ; 0W 0Yﬂ 85BBC 6F2= @C 3RJ54AB C





	\ 	               	    	      	  
(Kˆ)′ ∈
L∞(R)
     




∀r > 1 uˆεi −→ u?i fortement dans Vz,
ﬀ; 0W 0]ﬂ
p?(x1, x2, z) = p
?(x1, x2) presque partout dans Ω,
ﬀ; 0W 0/Vﬂ


























(φˆi − u?i ))
+ jˆ(φˆ)− jˆ(u?) ≥
2∑
i=1







































2 B5234C ﬀ; 0W 0]ﬂ 85BBC 6F2= ﬀ/0W 0]ﬂ 67 3RJ54AB C /0W 0/0
^ KF734C >F43  C2 739@9=F23 @C @CBBC 6C  923N C3 @C TF93 O7C 69G
(uˆε) = 0
 F@54= @ K92JSF@93J
ﬀ; 0D 0:ﬂ C=3 JO79GF@C23C 
aˆ(Tˆ ε; φˆ, φˆ− uˆε)− (pˆε, 69G(φˆ)) + jˆ(φˆ)− jˆ(uˆε) ≥
2∑
i=1
(fˆi, φˆi − uˆεi )
+ε(fˆ3, φˆ3 − uˆε3) ∀φˆ ∈ K.
ﬀ; 0W 0/Wﬂ
YY
^ KF>4A= ﬀ; 0D 0/Wﬂ	 ﬀ; 0D 0/Yﬂ  9@ CL 9=3C 72C =57= =793C
Tˆ ε









C=3 8523927C 0 U2 >F==F23  @F
@9B 93C 6F2= ﬀ; 0W 0/Wﬂ  C2 3C2F23 85B>3C 6C= 4J=7@3F3= 6C 852GC4SC28C 67 3RJ54AB C ; 0W 0/ C3
@C TF93 O7C
jˆ

































(fˆi, φˆi − u?i ), ∀φˆ ∈ Π(K).
ﬀ; 0W 0/Yﬂ










































(fˆi, φˆi − u?i ), ∀φˆ ∈ Π(K).
ﬀ; 0W 0/Pﬂ
 39@9=52=  257GCF7 @C @CBBC 6C  923N 6528 @ K92JO7F3952 ﬀ; 0W 0/Pﬂ 6522C ﬀ; 0W 0/;ﬂ 0
^ KF734C >F43  C2 739@9=F23 @C @CBBC W 0: D  52 >C73 8R59=94
φˆ
6F2= ﬀ; 0W 0/;ﬂ 3C@ O7C
φˆi = u
?

































739@9=52= B F923C2F23 @F T54B7@C 6C  4CC2  C2 8R59=9==F23
ϕ1 = 0
C3
ϕ2 ∈ W 1,r0 (Ω)
 >79=
































6F2= ﬀ; 0W 0/Hﬂ 3C@ O7C
ϕi(x
′, z) = θ(x′)z(z − h(x′)), >574 9 / ; 
YP
FGC8



























































































∈ Lr(Ω) i = 1, 2, 6528 Ki ∈ Lr′(ω)  C3 52 F F7==9 Mi ∈ Lr′(ω)
(
>79=O7C
fˆ ∈ Lr′(Ω) C3 h ∈ L∞(ω)ﬂ 0 ^C ﬀ; 0W 0/]ﬂ 52 6J6793 O7C
∂p?
∂xi
∈ Lr′(ω) i = 1, 2,
6 K5 ﬀ; 0W 0//ﬂ 6J857@C  C3 >F4 852=JO7C23 ﬀ; 0W 0/]ﬂ 6CG9C23 ﬀ; 0W 0/:ﬂ 0











rˆT ?ψˆdx′dz = 0 ∀ψˆ ∈W 1,q′Γ1∪ΓL(Ω),
C2 >F43987@9C4 8C33C JSF@93J 4C=3C G4F9C > 574 3573C
ψˆ ∈W 1,q′0 (Ω),
C2 739@9=F23 @F T54B7@C 6C













Kˆ ∈ C1(R) 3C@ O7C (Kˆ)′ ∈ L∞(R)  6528 ∂
2T ?
∂z2
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kˆ(| ψ + s? − s | − | s? − s |)dx′ −
∫
ω
µˆ(ζ?)τ ?ψdx′ ≥ 0 ∀ψ ∈ (Lr(ω))2, ﬀ; 0W 0;Dﬂ
         
ω
µˆ(ζ?) | τ ? | < kˆ ⇒ s? = s
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 
2 =3F3952FN 5 =  93R C2C4SN 6C>C26C23 252@58F@




36C@  F3 012=3 
3C	 @5G ﬀ<
 
 1ﬂ ﬀ;VV:ﬂ 0
H  0 ^7GF73   0 0  952=  C= 12JO7F3952= C2 BJ8F29O7C 6C= 796C= 0 ^7256  /]Y] 0
] I 0<0  9@? C43   0 EF2S  52@92CF4 =N=3CB = F49=92S T45B 2529=53RC4B F@  252	 C 3529F2
ﬁ C@C	
RF 5 = 92 3RC >4C=C28C 5T ? 56N T548C= F26 =5748C= 0  F3RCB F398F@ F26 Q5B 	
>73C4  56C@@92S  ;VV; 0
/V ^ 0  9@?F4S  0




C49C= 5T Q5B>4CRC2=9GC 
3769C= 92  F3RCB F398=  
>492SC4	

C4@FS   C4@92 ﬁ C96C@? C4S
 C 54	 /]PP 0
// <0<0  5=5@5G 

0<0  F=29	5G  M >455T 5T  542 K= 92CO7F@93N0 ^5	 @  M	F6 5B ;V/
ﬀ/]P/ﬂ 0
/; E 0 
F969  
74 O7C@O7C= >45?@AB C= 6C @7?498F3952 >F4 6C= 796C=  C 3529C2= 252
9=53RC4B C= C3 9285B>4C==9? @C= FGC8 6C= 852693952= F7L ?546= 252 @92JF94C= 0 X376C
BF3RJB F39O7C C3 27B J49O7C 0 RA=C 6C B F3RJBF39O7C= F>>@9O7JC=  29GC4=93J CF2
 522C3 



























 	 	   	
   
12 / 3RC F73R54= =3769C6 3RC 927C28C 5T 3RC ICN25@6= 27B?C4  93R 4C=> C83 35 3RC
3R92  @B 4F395 >F4FBC3C4
ε
92 3RC 7=398F3952 5T 3RC C@@ 	252 CO7F3952 5T 3RC @7?498F	
3952 3RC54N R98R F= 3RC ?F=98 ICN25@6= CO7F3952 0 RCN 852=96C4C6 3RC  96C@N F==7BC6
25	=@9> ?5726F4N 852693952= 0 R9=  96C@N F==7B C6 25	=@9> ?5726F4N 852693952= RC2 3RC
796 RF= 3RC =FB C GC@5 893N F= =744572692S =5@96 ? 5726F4N 9= 253 4C=> C83C6 F2N B54C =928C
3RC =RCF4 4F3C ? C85B C= 355 R9SR ;  Y  : 0
C F4C 923C4C=3C6 RC4C 35 SC2C4F@9C 3RC 4C=7@3= 5?3F92C6 92 / 35 3RC 8F=C 3F	 92S 9235
F885723 3R9= >RC25BC252 6C=849? C6 ?N 3RC 4C=8F T4CC ?5726F4N 852693952= 0
E54
ε
=B F@@ ?73 LC6  C =376N  4=3 3RC 927C28C 5T 3RC ICN25@6= 27B?C4  93R 4C=> C83
35 3RC 3R92  @B 3R98	2C== 35 5?3F92 3RC CL 9=3C28C F26 729O7C2C== 5T GC@5 893N F26 >4C==74C
=5@73952= 5T 574 >45?@CB 0 RC2 C =376N 3RC 49S5457= 7=398F3952 5T 3RC @9B 93 >45?@CB
RC2
ε→ 0 0
RC >@F2 5T 3R9= 8RF>3C4 9= F= T5@@5 =  C >4C=C23 92 =C83952 : 0; 3RC ?F=98 CO7F3952= F26
F==7B>3952=  92 =C83952 : 0: C S9GC 3RC CF	 T54B7@F3952 5T 3RC >45?@CB  92 =C83952 : 0D C
S9GC 3RC B F92 4C=7@3= 52 CL 9=3C28C 4C=7@3  3RC 2CC6C6 C=39B F3C= 52 GC@5 893N F26 >4C==74C
3RC2 3RC 729O7C2C== 4C=7@3  92 =C83952 : 0W C =376N 3RC @9B 93 >45?@CB ?N 3RC F=NB>35398
F2F@N=9= 0
P /
        
C3
ω













i = 1, .., n− 1 0 C 6C253C x′ = (x1, .., xn−1) F26 x = (x′, xn) 0
C =7>>5=C 3RF3 3RC 65BF92
ω






(0 < ε < 1)
9= F =B F@@ >F4FBC3C4 3RF3  9@@ 3C26 35 C45 F26
R 9= F T7283952 =78R 3RF3
h ∈ C0(R) F26 0 < hmin ≤ h(x′) ≤ hmax ∀(x′, 0) ∈ ω. C
6C253C ?N
Ωε
3RC 65BF92 5T 3RC 5 
Ωε = {(x′, xn) ∈ Rn : (x′, 0) ∈ ω , 0 < xn < εh(x)}.
C3
Γε
? C 3RC ?5726F4N 5T
Ωε
0C RFGC
Γε = ω¯ ∪ Γ¯εL ∪Γ¯ε1
RC4C
ΓεL
9= 3RC @F3C4F@ ?5726F4N0
E54 F S9GC2 ?56N T548C=
f ε = (f ε1 , .., f
ε
n)
3RC B 53952 5T 3RC 796 9= 6C=849? C6 ?N 

• RC 9285B>4C==9?9@93N CO7F3952
69G





= 0 in Ωε.
ﬀ: 0; 0/ﬂ
• RC @F 5T 852=C4GF3952 5T B 5BC237B   93R 3RC ICN25@6= 27B?C4 εγ
εγuεju
ε
i,j = fi + σ
ε
ij,j in Ω
ε, γ ∈ R ﬀ: 0; 0;ﬂ
RC4C 3RC =34C== 3C2=54
σε
9= 6C85B>5=C6 F= T5@@5 =
σεij = −pεδij + 2µdij(uε),
ﬀ: 0; 0:ﬂ
RC4C
uε = (uε1, .., u
ε
n)
9= 3RC GC@5 893N C@6 
pε
9= 3RC >4C==74C  F26
δij
9= 3RC   4	2C8	C4









5 6C=849? C 3RC ? 5726F4N 852693952=  C 92345678C  4=3 F GC8354 T7283952













RC F837F@ GC@5 8939C= 52 3RC ? 5726F4N CL8C>3 T54 3RC 85B>52C23= 5T 3RC 3F2SC239F@ GC@5 893N
52
ω




 25 =@9> 852693952 9= S9GC2 0 RC 7>> C4 =74TF8C ? C92S F==7B C6 35 ?C LC6 =5




 3RC GC@5 893N 9= 	252 F26 >F4F@@C@ 35 3RC
ω
	>@F2C
uε = εβg with gn = 0 and β ∈ R. ﬀ: 0; 0Hﬂ
•  2 ω  3RC4C 9= 25 7L 852693952 F845== ω =5 3RF3
uεn = gn = 0.
ﬀ: 0; 0]ﬂ
RC 3F2SC239F@ GC@5 893N 52
ω




7>> C4 @9B 93 T54 =34C==
| σεT | < kε ⇒ uεT = εβs












 | . | 9= 3RC C78@96CF2 254B 92 Rn−1   = (1, .., n) 9= 3RC 7293 573F46
254B F@ 35
Γε

























j − σε i, ﬀ: 0; 0/;ﬂ
R98R F4C 4C=> C839GC@N 3RC 254B F@ F26 3RC 3F2SC239F@ GC@5 893N 52
ω
 F26 3RC 85B>52C23=
5T 3RC 254B F@ F26 3RC 3F2SC239F@ =34C== 3C2=54 52
ω
0







3RC 8@5=74C 5T D(Ωε) 92 H1(Ωε) 0


















	252 H ﬀ@CBBF ; 0;ﬂ 3RF3 3RC4C CL 9=3= F T7283952
G˜ε
=78R 3RF3




C 852=96C4 3RC T7283952F@ T4FB C54	 52
Ωε
H1Γε1∪ΓεL(Ω
ε) = {ψ ∈ H1(Ωε) : ψ = 0 52 Γε1 ∪ ΓεL},
V ε = {v ∈ (H1(Ωε))n : v = Gε 52 ΓεL, v = 0
52
Γε1, v.n = 0
52
ω},




ε) = { q ∈ L2(Ωε) :
∫
Ωε
q dx = 0}.
P:
 =92S 3RC T5@@5 92S 253F3952= 

a : V ε × V ε → R





b : V ε × V ε × V ε → R





jε : V ε → R+
v → jε(v) =
∫
ω
kε | v − εβs | dσ.




! 	   
uε ∈ V εdiv, pε ∈ L20(Ωε),
=78R 3RF3
2µa(uε, φ− uε) + εγb(uε, uε, φ− uε)− (pε, 69G(φ)) + jε(φ)− jε(uε)
≥ (f ε, φ− uε) ∀φ ∈ V ε, ﬀ: 0: 0:ﬂ










9= F ?9@92CF4 T54B
• 852392757=
| a(u, v) |≤‖ u ‖(H1(Ωε))n‖ v ‖(H1(Ωε))n .
• 85 C489GC  ?N  542 K= F26 <5928F4J K= 92CO7F@939C= ∃α > 0 =78R 3RF3 








9= F 349@92CF4 T54B
• 852392757= 
 ∃K1 > 0 =78R 3RF3 

| b(u, v, w) |≤ K1 ‖ u ‖(H1(Ωε))n‖ v ‖(H1(Ωε))n‖ w ‖(H1(Ωε))n ,
• T45B ﬀ: 0; 0Yﬂ b 9= F239=NBBC3498 =5
b(u, v, w) + b(u, w, v) = 0, ∀(u, v, w) ∈ (V ε)3.
999ﬂ
jε







65 253 6C> C26 52
ε









Ω = {(x′, xn) ∈ Rn : (x′, 0) ∈ ω, 0 < xn < h(x′)},
PD
F26 C 6C253C ?N









i = 1, .., n− 1; uεn(x′, xn) = εβ+1uˆεn(x′, z);
pε(x′, xn) = ε
−2+β pˆε(x′, z).
E54 3RC 6F3F C =7>>5=C 3RF3 6C> C26 52
ε
92 3RC T5@@5 92S FN 

f ε(x′, xn) = ε
−2+βfˆ(x′, z); kε = ε−1+βkˆ
Gεi (x




i = 1, .., n− 1 ; Gεn(x′, xn) = εβ+1Gˆi(x′, xn).




H1Γ1(Ω) = {ψ ∈ H1(Ω) : ψ = 0
52
Γ1},
V = {v ∈ (H1(Ω)n : v = Gˆ 52 ΓL, v = 0 52 Γ1, v.n = 0 52 ω},
Vdiv = { v ∈ V : 69G(v) = 0},
L20(Ω) = { q ∈ L2(Ω) :
∫
Ω
q dx = 0}.
          

















µ > µ0 




















ﬁ C4C C  9@@ F>>@N 3RC 
8RF76C4 LC6 >5923 3RC54CB 0 M3 3RC ? CS92292S C @55	
T54 F 852=3F23
C > 0
=78R 3RF3 3RC T5@@5 92S F>>@98F3952  9@@ ? C C@@ 6C2C6










9= 3RC 729O7C =5@73952 5T 3RC
T5@@5 92S GF49F3952F@ 92CO7F@93N 

2µa(uε, φ− uε) + εγb(ξ, uε, φ− uε) + jε(φ)− jε(uε)









(3.2.6) b(ξ, uε, uε) = 0
 C SC3
2µa(uε, uε) ≤ 2µa(uε, Gε) + εγb(ξ, uε, Gε) + (f ε, Gε − uε). ﬀ: 0D 0;ﬂ
12 3RC 53RC4 RF26 7=92S <5928F4J K= F26 572S K= 92CO7F@939C=  C 5?3F92
PW
2µa(uε, Gε) ≤ µ
2
a(uε uε) + 2µa(Gε, Gε) ≤ µ
2





‖ f ε ‖(L2(Ωε))n‖ uε ‖(L2(Ωε))n≤
≤ hmaxε ‖ ∇uε ‖(L2(Ωε))n2‖ f ε ‖(L2(Ωε))n
≤ αµ
4
‖ uε ‖2(H1(Ωε))n +
ε2h2max
αµ
‖ f ε ‖2(L2(Ωε))n ,
ﬀ: 0D 0Dﬂ








‖ f ε ‖2L2(Ωε) .
ﬀ: 0D 0Wﬂ
M@=5 7=92S 3RC 852392793N 5T
b
 572S K= 92CO7F@93N 3RC2 <5928F4J K= 92CO7F@93N F26 3F	 92S
9235 F885723 3RF3
0 < ε < 1
 C 5?3F92
| εγb(ξ, uε, Gε) |≤ K1εγ ‖ ξ ‖(H1(Ωε))n‖ uε ‖(H1(Ωε))n‖ Gε ‖(H1(Ωε))n













































 =92S ﬀ: 0D 0;ﬂ  C 6C678C












‖ f ε ‖2(L2(Ωε))n .
ﬀ: 0D 0Yﬂ
PY





































≤ ε2β−1 ‖ ∇Gˆ ‖2
(L2(Ω))n2
∀ ε ∈]0, 1],











• C3 7= =R5 3RF3 Λ 9=  9>=8R939F2 52 B(0, C)∩V εdiv












2 − uε1) + εγb(ξ1, uε1, uε2 − uε1) + jε(uε2)− jε(uε1)− (f ε, uε2 − uε1) ≥ 0,
2µa(uε2, u
ε
1 − uε2) + εγb(ξ2, uε2, uε1 − uε2) + jε(uε1)− jε(uε2)− (f ε, uε1 − uε2) ≥ 0.
N F6692S ?53R 92CO7F@939C=  C SC3
−2µa(uε1 − uε2, uε1 − uε2) + εγb(ξ1, uε1, uε2 − uε1) + εγb(ξ2, uε2, uε1 − uε2) ≥ 0,
7=92S 3RF3
a
9= 85 C489GC  C 5?3F92
2µα ‖ uε1 − uε2 ‖2(H1(Ωε))n ≤ 2µa(uε1 − uε2, uε1 − uε2)
≤ εγb(ξ1 − ξ2, uε1, uε1 − uε2) + εγb(ξ2, uε1, uε1 − uε2)−






1 − uε2)− εγb(ξ2, uε2, uε1 − uε2) = εγb(ξ2, uε1 − uε2, uε1 − uε2) = 0,
?N 
5?5@CG CB?C6692S=  C SC3
µα ‖ uε1 − uε2 ‖2(H1(Ωε))n≤
≤ K1εγ ‖ uε ‖(H1(Ωε))n‖ uε1 − uε2 ‖(H1(Ωε))n‖ ξ1 − ξ2 ‖(H1(Ωε))n




‖ Λ(ξ1)− Λ(ξ2) ‖(H1(Ωε))n≤ K1Cε
γ
2µα
‖ ξ1 − ξ2 ‖(H1(Ωε))n . ﬀ: 0D 0/Vﬂ
R7= ?N 
8RF76C4 LC6 >5923 3RC54CB  3RC4C CL 9=3= F3 @CF=3 52C =5@73952
uε
T54 3RC T5@@5 92S
GF49F3952F@ 92CO7F@93N 

2µa(uε, φ− uε) + εγb(uε, uε, φ− uε) + jε(φ)− jε(uε) ≥
≥ (f ε, φ− uε) ∀φ ∈ V εdiv.
ﬀ: 0D 0//ﬂ
C 8F2 >45GC 3RC CL 9=3C28C 5T 3RC >4C==74C F= 92 3RC54CB : 0; W 0
    	  

  	
 CT54C =R5 92S 3RC 729O7C2C== 5T 3RC CF	 =5@73952= 35 3RC >45?@CB /  C 2CC6 35 C=3F	
?@9=R =5B C C=39B F3C= 52 3RC S4F69C23 5T 3RC GC@5 8939C= C@6 0 RC=C C=39B F3C=  93R 53RC4= 52
3RC >4C==74C   9@@ ? C 7=CT7 @ 35 =376N 3RC @9B 93 >45?@CB 92 =C83952 : 0W 0 E 94=3  C 92345678C





























































































B =]0, a1[×]0, a2[×]0, hmax[  C 5?3F92









































































































































































7@39> @N 92S ﬀ: 0D 0/Hﬂ  ﬀ: 0D 0/]ﬂ F26 ﬀ: 0D 0;Vﬂ  C SC3






















ﬀ: 0D 0; /ﬂ
3RC2 C 6C678C ﬀ: 0D 0/;ﬂ 0
12 3RC 53RC4 RF26 T45B ﬀ: 0D 0/Pﬂ  C RFGC
‖ φ ‖4L4(Ω)≤ 4hmax
∫
B
| φ3 || ∂φ
∂z
| dx ≤ 4hmax ‖ φ ‖3L6(Ω)‖
∂φ
∂z
‖L2(Ω) ﬀ: 0D 0;;ﬂ
3RC2 7=92S ﬀ: 0D 0/;ﬂ C SC3 ﬀ: 0D 0/:ﬂ 0
•  RC2 n = 2 C RFGC B =]0, a1[×]0, hmax[ 0 5 5?3F92 ﬀ: 0D 0/D ﬂ  C 7=C  4=3 E7?929 K=
3RC54CB  C SC3
∫
B





























φ2dx1 ≤ 2 ‖ φ ‖L2(Ω)‖ ∂φ
∂z
‖L2(Ω) .














 =92S <5928F4J K= 92CO7F@93N C SC3
‖ φ ‖L2(Ω)≤ hmax ‖ ∂φ
∂z
‖L2(Ω)





































































































































‖H−1(Ω)≤ Cε. ﬀ: 0D 0;Hﬂ
 +
	 E45B ﬀ: 0D 0//ﬂ  93R 3RC 8R598C
φ = Gε
 F26 F=





2µa(uε, uε) ≤ 2µa(uε, Gε) + εγb(uε, uε, Gε) + (f ε, uε −Gε). ﬀ: 0D 0;]ﬂ
N  542 K= 92CO7F@93N 3RC4C CL 9=3= F 852=3F23
CK
R98R 65C= 253 6C> C26 52
ε
=78R 3RF3
a(uε, uε) ≥ CK ‖ ∇uε ‖(L2(Ωε))n2 .
ﬀ: 0D 0:Vﬂ
 =92S <5928F4J K= 92CO7F@93N C SC3
‖ uε ‖(L2(Ωε))n≤ hmax ε ‖ ∇uε ‖(L2(Ωε))n2 ,
F26 7=92S 572S K= 92CO7F@93N C 5?3F92







‖ f ε ‖2(L2(Ωε))n .
12 3RC =FB C FN C RFGC







‖ f ε ‖2(L2(Ωε))n .
 =92S QF78RN	
8RF4 92CO7F@93N 3RC2 572S K= 92CO7F@93N C 5?3F92
| 2µa(uε, Gε) | ≤ 2µ
∫
Ωε




















| D(Gε) |2 dx.
M= ‖ D(v) ‖(L2(Ωε))n2≤ ‖ ∇v ‖(L2(Ωε))n2 ∀v ∈ V ε
 C 6C678C










E45B ﬀ: 0D 0;]ﬂ  C 6C678C












‖ f ε ‖2(L2(Ωε))n +εγb(uε, uε, Gε).











































































































• 12 3RC 53RC4 RF26  9T 2 ;  C RFGC






























?N ﬁ	 @6C4 92CO7F@93N C 8F2 C=39B F3C F2N 3C4B 5T
b








′dz ≤‖ uˆε1 ‖L4(Ω)‖
∂uˆε1
∂x1
‖L2(Ω)‖ Gˆ1 ‖L4(Ω) .
 =92S @CBBF : 0D 0;  C SC3


































92 3RC =FB C FN





































































































































































































































































































•  RC2 n = 3  C 5?3F92 92 3RC =FBC FN




































































































































































































ﬀ: 0D 0D /ﬂ





































5 5?3F92 C=39B F3C ﬀ: 0D 0;Yﬂ  93 9= C257SR 3RF3 F2N 3C4B 5T 3RC @CT3 5T ﬀ: 0D 0:Hﬂ B7=3 ? C













ε1 = min(ε0,2, ε0,3)









• 5 >45GC (3.4.27) F26 (3.4.28)  C 8R55=C ϕ = uε ± ψ  93R ψ ∈ H10 (Ωε)






ε, ψ) + εγb(uε, uε, ψ)− (f ε, ψ).
 =92S ﬀ: 0D 0;Yﬂ  F26 3RC T5@@5 92S 
5?5@CG 9B?C6692S
‖ v ‖L4(Ωε)≤ C ‖ v ‖H1(Ωε),
=5 >F==92S 35 3RC LC6 65BF92
Ω
 C 5?3F92 3RC C=39B F3C= ﬀ: 0D 0;Pﬂ F26 ﬀ: 0D 0;Hﬂ 0






	              	    	 

   
ε′1
     










(u1,ε, p1,ε), (u2,ε, p2,ε)









2µa(u1,ε, u2,ε − u1,ε) + εγb(u1,ε, u1,ε, u2,ε − u1,ε) + jε(u2,ε)− jε(u1,ε) ≥ (f ε, u2,ε − u1,ε),
2µa(u2,ε, u1,ε − u2,ε) + εγb(u2,ε, u2,ε, u1,ε − u2,ε) + jε(u1,ε)− jε(u2,ε) ≥ (f ε, u1,ε − u2,ε).
M6692S ?53R 92CO7F@939C=  C SC3
−2µa(u1,ε − u2,ε, u1,ε − u2,ε) +
+εγ
(




vε = u1,ε − u2,ε 0 C RFGC
b(u1,ε, u1,ε, vε)− b(vε, u1,ε, vε) = b(u2,ε, u1,ε, vε)
= b(u2,ε, vε, vε) + b(u2,ε, u2,ε, vε)
= b(u2,ε, u2,ε, vε, )
T45B
(3.2.6) b(u2,ε, vε, vε) = 0
 3R7=
2µa(vε, vε) + εγb(vε, u1,ε, vε) ≤ 0. ﬀ: 0D 0D:ﬂ
 =92S  542 K= 92CO7F@93N C 5?3F92
2µCK ‖ ∇vε ‖(L2(Ωε))n +εγb(vε, u1,ε, vε) ≤ 0. ﬀ: 0D 0DDﬂ
M=

























































F26 >F==92S 35 3RC LC6 65BF92  F26 3F	 92S 9235
F885723 3RF3






































































≤ 0. ﬀ: 0D 0DYﬂ



















































































C F66 F@@ 3RC 3C4B = 5T
b
F26 7=92S C=39B F3C
(3.4.26)


























≤ 0. ﬀ: 0D 0DPﬂ
 RC2




























































































































RC2 C 5?3F92 92 3RC =FBC FN
(
























≤ 0. ﬀ: 0D 0D]ﬂ
RC  4=3 3C4B 92 ﬀ: 0D 0D]ﬂ 9= > 5=939GC RC2











ε ≤ ε′1 = min{ε1 , ε1,3}





        
C B7@39> @N GF49F3952F@ 92CO7F@93N ﬀ: 0: 0:ﬂ ?N
ε1−2β






































































































fˆi(φˆi − uˆεi )dx′dz +
∫
Ω











Vz = {v ∈ (L2(Ω))n−1 : =78R 3RF3 ∂vi
∂z
∈ L2(Ω), i = 1, .., n− 1 F26 v = 0 52 Γ1}











E5@@5 92S D   C =FN 3RF3







dx′dz = 0. ∀θ ∈ C∞0 (ω)
C3
V˜z = {v ∈ Vz : =78R 3RF3 v =F39=C= 3RC 852693952 (D′)}









	! 	               	 

       
(uε, pε)
        	   

   





















⇀ 0 weakly in L2(Ω),
ﬀ: 0W 0Wﬂ
εuˆεn ⇀ 0 weakly in L
2(Ω),
ﬀ: 0W 0Yﬂ




E45B ﬀ: 0D 0;Yﬂ 3RC4C CL 9=3= F LC6 852=3F23
C > 0







‖L2(Ω)≤ C (1 ≤ i ≤ n− 1),
7=92S 3R9= C=39B F3C F26 <5928F4J K= 92CO7F@93N 92 3RC 65BF92
Ω





 C 5?3F92 T54





































dx′dz = 0 ∀q ∈ C∞0 (ω).


































(i = 1, .., n− 1) 92 L2(Ω). ﬀ: 0W 0]ﬂ
H]
 +
	 QR55=92S 92 ﬀ: 0W 0/ﬂ
φˆi = uˆεi
T54





































































φi = uˆεi ±ψi (
T54
i = 1, .., n−1)  93R ψi 92 H10 (Ω)
F26
φn = uˆεn






























































 =92S ﬀ: 0W 0;ﬂ	 ﬀ: 0W 0Pﬂ  F26 8R55=92S






ψ2 ∈ H10 (Ω)
3RC2














































 @C3 7= 4C8F@@ 3RF3
p?
65C= 253 6C> C26 52
z
T45B ﬀ: 0W 0//ﬂ 
3RC2 T5@@5 92S D  C 8R55=C
ψi
92 ﬀ: 0W 0/:ﬂ =78R 3RF3
ψi(x
′, z) = z(z − h(x′))θ(x′)  93R θ
92
H10 (ω)














































































   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kˆ(| ψ + s? − s | − | s? − s |)dσ −
∫
ω
µτ ?ψdσ ≥ 0, ∀ψ ∈ (L2(ω))n−1, ﬀ: 0W 0/Pﬂ
µ | τ ? | < kˆ ⇒ s? = s







 =92S 3RC54CB : 0W 0; C 8F2 >F== 35 3RC @9B 93 92 ﬀ: 0W 0/ﬂ  3RC2 7=92S ﬀ: 0W 0Hﬂ 35 5?3F92





φˆi = uˆεi + ψi
ﬀT54
i = 1, .., n − 1ﬂ F26 ψi ∈ H1Γ1∪ΓL




H1Γ1∪ΓL = {v ∈ H1(Ω) : v = 0
52































































































7=92S 25 3RC  4CC2 T54B7@F  CO7F3952 ﬀ: 0W 0]ﬂ  F26 3RC TF83 3RF3
ψi = 0
52
Γ1 ∪ ΓL F26






kˆ(| ψ + s? − s | − | s? − s |)dσ −
∫
ω
µτ ?ψdσ ≥ 0, ∀ψ ∈ (H1Γ1∪ΓL)n−1.
ﬀ: 0W 0; /ﬂ
R9= 92CO7F@93N 4CB F92= GF@96 T54 F2N
ψ ∈ (D(ω))n−1  F26 ?N 6C2=93N 5T D(ω) 92 L2(ω)  93
4CB F92= F@=5 GF@96 T54 F2N
ψ ∈ (L2(ω))n−1 0  RC28C ﬀ: 0W 0/Pﬂ T5@@5 = 0
5 >45GC ﬀ: 0W 0/Hﬂ  C 3F	C
ψ = ±(s? − s)  92 (3.5.17)  F26 C 5?3F92∫
ω
(kˆ | s? − s | −µτ ?(s? − s))dσ = 0, ﬀ: 0W 0;;ﬂ
C 3F	C
ψ = ϕ− (s? − s)  93R ϕ ∈ (L2(ω))n−1  92 ﬀ: 0W 0/Pﬂ  C SC3∫
ω
(kˆ | ϕ | −µτ ?ϕ)dσ ≥
∫
ω
(kˆ | s? − s | −µτ ?(s? − s))dσ. ﬀ: 0W 0;:ﬂ
T45B CO7F@93N ﬀ: 0W 0;;ﬂ  C 6C678C
∫
ω
(kˆ | ϕ | −µτ ?ϕ)dσ ≥ 0, ∀ϕ ∈ (L2(ω))n−1, ﬀ: 0W 0;Dﬂ
];
3F	 92S  4=3
ϕ = (ϕ1, .., ϕn−1)
=78R 3RF3
ϕi ≥ 0, i = 1, .., n− 1  92 ﬀ3.5.24ﬂ  C 5?3F92∫
ω




(kˆ − µ | τ ? | cos(τ ?, ϕ)) | ϕ |≥ 0, ﬀ: 0W 0;Wﬂ
3RC2
µ | τ ? | cos(τ ?, ϕ) ≤ kˆ F 0C 52 ω. ﬀ: 0W 0;Yﬂ
3F	 92S 25 −ϕ   93R ϕi ≥ 0 T54 i = 1, .., n− 1  F26 ﬀ: 0W 0;D ﬂ  C 5?3F92∫
ω
(kˆ | ϕ | +µ | τ ? | cos(τ ?, ϕ) | ϕ |)dσ =
∫
ω
(kˆ + µ | τ ? | cos(τ ?, ϕ)) | ϕ |≥ 0,
RC28C
µ | τ ? | cos(τ ?, ϕ) ≤ −kˆ F 0C 52 ω. ﬀ: 0W 0;Pﬂ
E45B ﬀ: 0W 0;Yﬂ	 ﬀ: 0W 0;Pﬂ C 5?3F92
µ | τ ? |≤ kˆ F 0C 52 ω, ﬀ: 0W 0;Hﬂ
3RC2
kˆ | s? − s |≥ µ | τ ? | . | s? − s |≥ µτ ?.(s? − s) F 0C 52 ω,
kˆ | s? − s | −µτ ?.(s? − s) ≥ 0 F 0C 52 ω,
T45B ﬀ: 0W 0;;ﬂ C 6C678C
kˆ | s? − s | −µτ ?.(s? − s) = 0. ﬀ: 0W 0;]ﬂ
1T
µ | τ ? |= kˆ  3RC2 T45B ﬀ: 0W 0;]ﬂ C RFGC
µ | τ ? | . | s? − s |= µτ ?.(s? − s) = 0 F 0C 52 ω,
3RC2
cos(s? − s, µτ ?) = 1  R98R 9B>@9C= CL 9=3C28C 5T λ ≥ 0 =78R 3RF3 s? − s = λµτ ? 0
1T
µ | τ ? |< kˆ  T45B ﬀ: 0W 0;]ﬂ C RFGC
kˆ | s? − s | −µτ ?.(s? − s) = 0 ≥ (kˆ− | µτ ? |) | s? − s | F 0C 52 ω,
RC28C







	   
(u?, p?)
       
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 












G.n ∀φ ∈ H1(ω), ﬀ: 0W 0:Vﬂ

 







































∇p?(x′) + µs?(x′) + µzτ ?(x′)− F (x′, z), ﬀ: 0W 0: /ﬂ
M=




∇p?(x′) + µs?(x′) + µh(x′)τ ?(x′)− F (x′, h(x′)) = 0. ﬀ: 0W 0:;ﬂ
123CS4F3C CO7F3952 ﬀ: 0W 0: /ﬂ  93R 4C=> C83 35
z






∇p?(x′) + µhs?(x′) + µh
2
2
τ ?(x′)− hF˜ (x′), ﬀ: 0W 0::ﬂ








ψ(x′, z)dz, ∀x′ ∈ ω.
12 3RC 53RC4 RF26  T54 F@@


































′, 0) = 0
52








































































i) ∀φ ∈ H1(ω).
ﬀ: 0W 0:Dﬂ




∇p? + hs? + h
2
2















 3RC CF	 T54B 5T 3RC









   

































(U1, p1), (U2, p2)











|2 dx′dz ≤ 0. ﬀ: 0W 0:Yﬂ
 =92S <5928F4J K= 92CO7F@93N C 6C678C






T5@@5 = 3RC2 T45B ﬀ: 0W 0:Vﬂ 0 126CC6 T45B ﬀ: 0W 0:Pﬂ
s?





∇(p1 − p2)∇φdx′ = 0,
3F	 92S
φ = p1 − p2  F26 ?N <5928F4J K= 92CO7F@93N C 6C678C ‖ p1 − p2 ‖L2(ω)= 0 0 
]W
 	 	 	
/ M 0 M==CB 9C2   0 FNF6F   0 QRFB?F3    






0 M =NB>35398 M2F@N=9= ] ﬀ/]]D ﬂ /PP	;VH 543R	ﬁ5@@F26 0
; I 0 <93  ﬁ 0 ﬁ C4GC3   0 JSC4  ;VV /            
 
   
       0 
            

   0
:  0 FNF6F   0 57	4578RC                  	   
          

        5742F@ 5T  F3RCB F398F@
M2F@N=9= F26 M>>@98F3952= ;VV:  ;H;  ;/;	;:/0
D   0 57	4578RC   0  7	F=C 98 






        123C42F3952F@ 5742F@ 5T U2S9	
2CC492S 
89C28C ;VV:  D /  W;/	W:P 0




























0 52@92CF4 M2F@N=9=  RC54N BC3R56= F26 M>>@98F3952=  W]
ﬀ;VVD ﬂ  HW	/VW 0
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;]V  >> 0
;Y: ;YW 0















  ^7256  /]Y] 0
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2 796C 6C  92SRFB C=3 72 B 9@9C7 G 9=85	>@F=39O7C  GJ49F23 @C= @59= SJ2J4F@C= 6C @F
B J8F29O7C 6C= B 9@9C7L 8523927= C3 FNF23 72C @59 6C 85B>543CB C23 252	 @92JF94C >F43987@9A4C 0
2 CLCB>@C 8574F23 6C 796C= 6C  92SRFB C=3 @F >3C 6C239T498C  8C@@C	89 2C > C73 =54394 67
37? C =57= @ KC C3 6C =52 >45>4C >596=  9@ TF73 @7 9 F>>@9O7C4 72C 85234F923C =7ﬃ =F23C > 574
O7 KC@@C = KJ857@C 0 QC 796C 4C234C 6F2= @F 8F3JS549C 6C= 796C= 252	 C 3529C2= C3 F 72C @59
6C 85B>543CB C23














=523 4C=> C839GCB C23 @C =C79@ 6C >@F=39893J C3 @F G9=85=93J 0
 KCL>4C==952 ﬀD 0/0/ﬂ 2 KF 6C =C2= O7C =9




 F@54= @C 3C2=C74 6C= 85234F923C= C=3 926J3C4B 92J  8C O79 4CG9C23  694C O7C
@C 6JG9F3C74 6C= 85234F923C=
σD
C=3 926J3C4B 92J 8F4
σ = −p I + σD. ﬀD 0/0:ﬂ
]P






II < gˇ ⇔ dij = 0
σ
1/2












C= 34FGF7L O79 34F93C23 @ KJ376C 3RJ549O7C C3 27BJ49O7C 6 K72 796C 6C  92SRFB
F?526C23 6F2= @F @933J4F374C >F4 CLCB>@C D  W  P  H  ] 0  K92JSF@93J GF49F39522C@@C 6522F23
@ KCL 9=3C28C C3 @ K729893J 6C @F G93C==C C3 @F >4C==952 F J3J T54B7@J >F4 ^7GF73 C3  952= W 0
^ F2= 8C 8RF>934C  257= 257= 923J4C==52=  @ KJ376C F=NB>3539O7C 6 K72 796C 6C  92SRFB
6F2= 72  @B B 928C  FGC8 6C= 852693952= 252	 @92JF94C= =74 @C ?546 0 ^F2= ; I 0 72579 C3 
 0
  C=FGF2 523 J3769J 72 >45?@AB C =CB?@F?@C  BF9= FGC8 =C7@CB C23 6C= 852693952= F7 ?546
6C ^ 9498R@C3 0
      
57= 852=96J452= @C 65B F92C B 928C
Ωε
85BBC 6F2= @C >4CB 9C4 8RF>934C 0 57=
=7>>5=52= 989 O7C @F T5283952
h
C=3 3C@@C O7C 

h ∈ C2(R). ﬀD 0; 0/ﬂ
57= 852=96J452= @F @59 6C 85B>543CB C23 ﬀD 0/0/ﬂ =57= @F T54B C
σεij(u









1/2 < gˇε−1 ⇔ dij(uε) = 0
(σεII)







<574 6C= T548C= CL3J49C74C=





 @ KJ857@CB C23 67 796C C=3 S57GC42J >F4
@ KJO7F3952 6C @F 852=C4GF3952 6C @F O7F2393J 6C B57GCBC23 C2 2JS@9SCF23 @C 3C4B C 6 K92C439C 

−69G(σε) = f ε. ﬀD 0; 0Dﬂ





57= =7>>5=52= @C= B BC= 852693952= F7L @9B 93C= =74 @F G93C==C O7 KF7 >4CB 9C4 8RF>934C 
=F7T =74 @F T45239A4C 6C RF73
Γε1
5 257= =7>>5=52= O7C 

σεT (u











      
 















2 6J293 @C= C2=CB?@C= =79GF23= 

Kε = {φ ∈ (H1(Ωε))3 : φ = Gε =74 ΓεL, φ.n = 0
=74
Γε1 ∪ ω},




























   
 













+j(φ)− j(uε) ≥ (f ε, φ− uε), ∀φ ∈ Kε ﬀD 0: 0;ﬂ





























ε) 1 ≤ i, j ≤ 3 @C= 85B>5=F23C= 67 3C2=C74 6C 85234F923C= F==5 89JC=
F7 8RFB> 6C G93C==C
uε
>F4 @C= @59= 6C 85B>543CB C23 ﬀD 0; 0;ﬂ	 ﬀD 0; 0:ﬂ 0 <574 3573









(φi − uεi )dx = (f εi , φi − uεi ).
ﬀD 0: 0Yﬂ











ε)nj(φi − uεi ) = (f εi , φi − uεi ).
ﬀD 0: 0Pﬂ





















U2 739@9=F23 ﬀD 0: 0Hﬂ C3 @ KCL>4C==952 67 3C2=C74 6C 85234F923C= 6522JC >F4 ﬀ
4.2.2





∂(φi − uεi )
∂xj











(φ− uε)dx. ﬀD 0: 0]ﬂ
^ KF>4A= @ K92JSF@93J 6C QF78RN	
8RF4 69=84A3C  9@ G 9C23 O7C
dij(u
ε)dij(φ) ≤ 2D1/2II (uε)D1/2II (φ),











(| D(φ) | − | D(uε) |)dx. ﬀD 0: 0/Vﬂ
C 6C7L 9AB C 3C4B C 67 B CB?4C 6C SF78RC 6F2= ﬀD 0: 0Pﬂ =C4F 69G 9=J C2 3459= >F439C=  G7 O7C
Γε = ω¯ ∪ Γ¯ε1 ∪ Γ¯εL.
^ KF?546 @ K923JS4F3952 =74
ω
FGC8 @F 852693952 6C 4C=8F 6522C
∫
ω


























uε(φ− uε)dτ, ﬀD 0: 0/;ﬂ
/VV
8F4









ε)nj(φi − uεi )dτ = 0,
ﬀD 0: 0/:ﬂ
8F4




^C ﬀD 0: 0Pﬂ	 ﬀD 0: 0/:ﬂ  52 5?39C23 @ K92JO7F3952 GF49F39522C@@C =79GF23C
a(uε, φ− uε)− (pε, 69G φ) + lε
∫
Γε1
uε(φ− uε)dτ + j(φ)− j(uε) ≥ (f ε, φ− uε),
FGC8 @F T52839522C@@C
j







     
a





      

         	  
uε = vε + Gε 

vε ∈ V ε, 












F T54B7@F3952 GF49F39522C@@C ﬀD 0: 0;ﬂ 6CG9C23
457GC4





a(vε, φ− vε)− (pε, 69G(φ)) + lε
∫
Γε1
vε(φ− vε)dτ + jˇ(φ)− jˇ(vε) ≥
≥ (f ε, φ− vε)− a(Gε, φ− vε)− lε
∫
Γε1


















      
















































54=O7C @C= T5283952= 3C=3 F>>F439C22C23 
V εdiv
 @ K92JO7F3952 GF49F39522C@@C ﬀD 0: 0/D ﬂ
6CG 9C23




aˇ(v, φ) = a(v, φ) + lε
∫
Γε1
vεφ dτ ∀(v, φ) ∈ (V εdiv)2,
l(φ) = (f ε, φ)− a(Gε, φ)− lε
∫
Γε1
Gεφ dτ ∀φ ∈ V εdiv.
• F T54B C ?9@92JF94C aˇ(., .) C=3 85C489GC =74 V εdiv × V εdiv
0 U2 CC3  6 KF>4A= @ K92JSF@93J 6C
 542  9@ CL 9=3C 72C 852=3F23C
CK > 0
3C@ O7C
aˇ(ψ, ψ) = a(ψ, ψ) + lε
∫
Γε1
ψ2dτ ≥ 2µCK ‖ ψ ‖21,Ωε ∀ψ ∈ V εdiv.
• F T54B C ?9@92JF94C aˇ(., .) C=3 8523927C =74 V εdiv × V εdiv
0 U2 C C3  6 KF>4A= @ K92JSF@93J 6C
QF78RN	





CL 9=3C 72C 852=3F23C
C(Ωε) > 0
3C@@C O7C





‖ φ ‖1,Ωε‖ ψ ‖1,Ωε ∀(φ, ψ) ∈ (V εdiv)2.
• F T52839522C@@C jˇ C=3 852GCLC  =CB 9	8523927C 92TJ49C74CB C23 C3 >45>4C =74 V εdiv




























| D(φ)−D(ψ) | dx
≤ | ω | 12‖ kε ‖∞,ω ‖ φ− ψ ‖0,ω +
√
2gˇε−1 ‖ φ− ψ ‖1,Ωε,
5 | ω | C=3 @F B C=74C 6C ω 0 Q5BBC @ KF>>@98F3952 34F8C =74 ω C=3 8523927C 6C H1(Ωε) 6F2=
L2(ω)
 F@54= 9@ CL 9=3C 72C 852=3F23C > 5=939GC
C(Ωε)
3C@@C O7C
| jˇ(φ)− jˇ(ψ) |≤
(




‖ φ− ψ ‖1,Ωε .
57= 6J679=52= O7C @F T52839522C@@C
jˇ




• 1@ 2C 257= 4C=3C O7 K B5234C4 O7C @F T54B C @92JF94C l C=3 8523927C 0 U2 C C3  6 KF>4A=
@ K92JSF@93J 6C QF78RN	









‖ f ε ‖0,Ωε +
(
1 + lεC(Ωε)
) ‖ Gε ‖1,Ωε ) ‖ φ ‖1,Ωε ∀φ ∈ V εdiv.
^ KF>4A= @F 3RJ549C 6C= 92JO7F3952= GF49F39522C@@C= ﬀG594 >F4 CLCB>@C Yﬂ  @ K92JO7F3952 GF	




<F4 852=JO7C23  85BBC 6F2= :  9@ CL 9=3C
pε ∈ L20(Ωε)
6J3C4B 92JC 6C B F29A4C 729O7C  72C
852=3F23C F66939GC >4A= 3C@@C O7C
(uε = vε+Gε, pε)
=F39=TF9=F23 @ K92JO7F3952 GF49F39522C@@C





	! 	            
∫
Ωε











x′ = (x1, x2) ∈ ω C3 ξ 3C@ O7C 0 ≤ ξ ≤ hε(x′)  52 F





































































































































kε|uε − s|dx′ ≤








uεGεdτ + (f ε, uε −Gε). ﬀD 0: 0/Hﬂ
/V:







, ∀(a, b) ∈ R2, η > 0, ﬀD 0: 0/]ﬂ








) ∀(a, b) ∈ R2,
6528








a(uε, uε) + µ
∫
Ωε
|∇Gε|2dx. ﬀD 0: 0;Vﬂ
















|Gε|2dτ. ﬀD 0: 0; /ﬂ
^ KF734C >F43  6 KF>4A= @ K92JSF@93J 6C QF78RN	
8RF4  52 F
(f ε, uε −Gε) ≤‖ f ε ‖0,Ωε‖ uε ‖0,Ωε + ‖ f ε ‖0,Ωε‖ Gε ‖0,Ωε .
U2 739@9=F23 @ K92JSF@93J 6C <5928F4J ﬀD 0: 0/Yﬂ  52 5?39C23
‖ f ε ‖0,Ωε‖ uε ‖0,Ωε≤
√
2 hmax ε ‖ f ε ‖0,Ωε
( ∫
Ωε




)1/2 ‖ f ε ‖0,Ωε ( ∫
Γε1
|uε|2dτ)1/2. ﬀD 0: 0;;ﬂ
 




| ∇uε |2 dx)1/2
b =
√






2hmax ε ‖ f ε ‖0,Ωε
( ∫
Ωε










‖ f ε ‖20,Ωε .
ﬀD 0: 0;:ﬂ
/VD



























|uε|2dτ + 2hmax ε
lε
‖ f ε ‖20,Ωε .
ﬀD 0: 0;Dﬂ
^ K5 6C ﬀD 0: 0;;ﬂ  ﬀD 0: 0;:ﬂ C3 ﬀD 0: 0;D ﬂ















|uε|2dτ + 2hmax ε
lε
‖ f ε ‖20,Ωε .
ﬀD 0: 0;Wﬂ
^C B BC















|Gε|2dτ + 2hmax ε
lε
‖ f ε ‖20,Ωε .
ﬀD 0: 0;Yﬂ




















|∇(uε −Gε)|2dx ≤ 1
µ
a(uε −Gε, uε −Gε) + C(Γε1)
∫
Γε1
|uε −Gε|2dτ, ﬀD 0: 0;Pﬂ

C(Γε1) = 2 ‖ D2hε ‖C(ω¯)
(






































































































6 KF734C >F43 



















534C ?73 B F923C2F23 C=3 6 KC=39B C4 8C33C 6C429A4C 923JS4F@C 0
 
2 F





(uε −Gε).n) = 0 =74 Γε1 ∪ ω,


























|uε −Gε|2dτ, ﬀD 0: 0:;ﬂ
/VY
5




Γε1 = {(x1, x2, x3) ∈ R3 : x3 − hε(x1, x2) = 0},






(x1, x2),−∂hε∂x2 (x1, x2), 1
)√
1 + |∇hε(x′)|2 = n(x1, x2).
<574

















|n3,i(x1, x2)| ≤ 2|D1hε|.|D2hε| ≤ |D2hε|(1 + |D1hε|2).
<F4 72 8F@87@ =9B 9@F94C  52 F >574
i = 1, .., 3
C3
j = 1, 2
|nj,i(x1, x2)| ≤ 2|D1hε|.|D2hε| ≤ |D2hε|(1 + |D1hε|2).
^ K5 K(Γε1) ≤ C(Γε1)
 5 @F 852=3F23C
C(Γε1)
C=3 6J  6J29C 6F2= ﬀ
4.3.28
ﬂ 0 U2 739@9=F23









































a(uε −Gε, uε −Gε) + 2C(Γε1)
∫
Γε1







a(uε −Gε, uε −Gε) = a(uε, uε) + a(Gε, Gε)− 2a(uε, Gε)
≤ 2a(uε, uε) + 2a(Gε, Gε)
≤ 2a(uε, uε) + 4µ
∫
Ωε



































	\ 	    C(Γε1) = O(1ε)
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‖ f ε ‖20,Ωε,
ﬀD 0: 0DVﬂ
C2 739@9=F23 ﬀD 0: 0:Hﬂ  52 3457GC ﬀD 0: 0:]ﬂ 0
/VH
              
^F2= 8C33C =C83952 257= C C83752= 72 8RF2SCBC23 6C 65B F92C C3 257= 5?3C252=







=C 34F2=T54B C  72 65BF92C LC
Ω





Γ = Γ¯L ∪ Γ¯1 ∪ ω¯ @F T45239A4C 6C Ω 0 57= 6J29==52= 6C=
257GC@@C= GF49F?@C= > 574 @F G93C==C C3 @F >4C==952 85BBC =79GF23
uˆεi (x
′, z) = uεi (x
′, z) ; uˆε3(x
′, z) = ε−1uε3(x
′, x3)
pˆ(x′, z) = ε2pε(x′, x3).
<574 @C= 6522JC=  52 =7>>5=C O7 KC@@C= 6J> C26C23 6C
ε
6C @F TF52 =79GF23C 

gˆ(x′, z) = g(x′, x3) ; fˆ(x
′, z) = ε2f ε(x′, x3)
lˆ = εlε, kˆ = εkε.
 
2 6J293 B F923C2F23 72 4C@AGCB C23









′, z) = gˆi(x
′, x3)
>574 9 / ; C3
Gˆ3(x













= 0 ; Gˆ.n = 0
=74
Γ1 ∪ ω,
52 8R59=93 @C GC83C74
Gε
6J29 >4J8J6CB C23 3C@ O7C
Gˆi(x
′, z) = Gεi (x
′, x3)
>574 9 / ;
Gˆ3(x




K = {φˆ ∈ (H1(Ω))3 : φˆ = Gˆ =74 ΓL, φˆ.n = 0 =74 Γ1 ∪ ω}.
54=O7C 257= >F==52= F7 65BF92C LC
Ω
C2 92345679=F23 @C= 257GC@@C= GF49F?@C= 6F2=



































































′, h(x′))− uˆεi (x′, h(x′))
)√






′, h(x′))− uˆε3(x′, h(x′))
)√
























































)2]1/2 ∀v ∈ K.ﬀD 0D 0;ﬂ





6F2= @C 65B F92C LC
Ω










| ∇Gε |2 dx′dz ≤ ε−1
∫
Ω
| ∇Gˆ |2 dx′dz ∀ε ∈]0, 1], ﬀD 0D 0:ﬂ
∫
Ωε
| ∇Gε | dx′dz ≤
∫
Ω
| ∇Gˆ | dx′dz ∀ε ∈]0, 1]. ﬀD 0D 0Dﬂ
//V
 )
	 QC= 6C7L 4J=7@3F3= =523 9BBJ69F3= C2 TF9=F23 72 8RF2SCBC23 6C 65BF92C C3 C2
739@9=F23 @C TF93 O7C




	\ 	   
∫
Γε1
| Gε |2 dτ ≤ C˜(Ω, h)
∫
Ω
(| Gˆ |2 + | ∇Gˆ |2)dx′dz ∀ε ∈]0, 1], ﬀD 0D 0Wﬂ

C˜(Ω, h)









| Gεi |2 dτ =
∫
ω
| Gεi (x′, hε(x′)) |2
√




| Gˆi(x′, h(x′)) |2
√
1+ | ∇hε(x′) |2dx′ =
∫
Γ1
| Gˆi |2 dτ ′,ﬀD 0D 0Yﬂ
ﬀ8F4 >F4 6J293952
Gεi (x





| Gε3 |2 dτ =
∫
ω
| Gε3(x′, hε(x′)) |2
√




| Gˆ3(x′, h(x′)) |2
√
1+ | ∇h(x′) |2
√
1+ | ∇hε(x′) |2√





1+ | ∇hε(x′) |2
∫
Γ1
| Gˆ3 |2 dτ ′. ﬀD 0D 0Pﬂ
^C ﬀD 0D 0Yﬂ C3 ﬀD 0D 0Pﬂ  52 6J6793 O7C
∫
Γε1
| Gε |2 dτ ≤ max
x′∈ω
√
1+ | ∇h(x′) |2
∫
Γ1
| Gˆ |2 dτ ′ ∀ε ∈]0, 1]. ﬀD 0D 0Hﬂ







| Gˆ |2 dτ ′ ≤ C(Ω)
∫
Ω
(| Gˆ |2 + | ∇Gˆ |2), ﬀD 0D 0]ﬂ
5 @F 852=3F23C
C(Ω)
6J> C26 =C7@CB C23 6C
Ω
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‖ uˆεi ‖0,Ω≤ C
>574
i = 1, 2,
ﬀD 0D 0//ﬂ









‖H−1(Ω)≤ Cε. ﬀD 0D 0/Dﬂ
 )
	


































U2 >F==F23 F7 65BF92C LC
Ω
6F2= @C B CB?4C 6C 64593C 6F2= @ K92JSF@93J ﬀD 0: 0:]ﬂ  >79= C2


































6 K5 ﬀD 0D 0/Vﬂ 6J857@C 0
//;







|uˆεi |2dx ≤ 2hmax
∫
Γ1





∣∣2dx′dz >574 i = 1, 2, 3. ﬀD 0D 0/Pﬂ









|2dx′dz >574 i = 1, 2
















1@ 2C 257= 4C=3C 6528 O7 K C=39B C4 @C= 3C4B C=
∫
Γ1
|uˆεi |2dτ ′ i = 1, 2, 3.
 
2 F  >574
i = 1, 2∫
Γ1
| uˆεi |2 dτ ′ =
∫
ω
| uˆεi (x′, h(x′)) |2
√




| uεi (x′, h(x′)) |2
√
1+ | ∇hε(x′) |2
√
1+ | ∇h(x′) |2√





1+ | ∇h(x′) |2
∫
Γε1




| uˆε3 |2 dτ ′ =
∫
ω
| uˆε3(x′, h(x′)) |2
√






| uε3(x′, h(x′)) |2
√
1+ | ∇hε(x′) |2
√
1+ | ∇h(x′) |2√







1+ | ∇h(x′) |2
∫
Γε1
| uε3 |2 dτ.
ﬀD 0D 0/]ﬂ





































(| Gˆ |2 + | ∇Gˆ |2)dx′dz,
6528 ∫
Γε1
|uε|2dτ ≤ C(Ω, µ, lˆ, Gˆ, fˆ , h). ﬀD 0D 0; /ﬂ
^ K5 ﬀD 0D 0//ﬂ	 ﬀD 0D 0/;ﬂ 6J857@C23  >F4394 6C ﬀD 0D 0/Pﬂ  ﬀD 0D 0/Hﬂ  ﬀD 0D 0/]ﬂ C3 ﬀD 0D 0; /ﬂ 0
• <574 5?3C294 @F >4CB 9A4C C=39B F3952 =74 @F >4C==952 ﬀD 0D 0/:ﬂ  52 8R59=93 6F2= ﬀD 0D 0/ﬂ





U2 739@9=F23 @C= 6C7L 92JSF@93J= =79GF23C=
(a+ b)2 ≤ 2a2 + 2b2 ∀(a, b) ∈ R2,
√
a+ b ≤ √a +
√
b ∀(a, b) ∈ R2+,
9@ G 9C23 O7C
| D˜(φˆ) |≤
√
2 | D˜(uˆε) | +
√
2 | D˜(ψ) | .
U2 4CB>@FF23 6F2= ﬀD 0D 0/ﬂ
φˆ
>F4 =F GF@C74 6522JC >4J8J6CBBC23  C3 C2 739@9=F23 @F




























































| uˆε1(x′, h(x′)) |2
√




| ψ(x′, h(x′)) |2
√





1+ | ∇hε |2
{(∫
ω
| uˆε1(x′, h(x′)) |2
√




| ψ(x′, h(x′)) |2
√





1+ | ∇h |2
( ∫
Γ1
| uˆε1 |2 dτ ′
)1/2(∫
Γ1








| uˆε1 |2 dτ ′
)1/2
≤ C ′, ﬀD 0D 0;Dﬂ











| ψ |2 dτ ′
)1/2












1+ | ∇h |2.
U2 739@9=F23 @ K92JSF@93J 6C QF78RN	



































| Ω |( ∫
Ω
| D˜(uˆε) |2 dx′dz)1/2 +
+ 2gˇ
√
| Ω |( ∫
Ω





| D˜(ψ) |2 dx′dz)1/2 ≤‖ ψ ‖1,Ω ∀ε ∈]0, 1], ﬀD 0D 0;Hﬂ
6528 6 KF>4A= ﬀD 0D 0/Vﬂ  9@ CL 9=3C 72C 852=3F23C
C




















| Ω | C + 2gˇ
√
| Ω | ‖ ψ ‖1,Ω . ﬀD 0D 0;]ﬂ
^C B BC =9 52 8R59=93




















| Ω | C + 2gˇ
√
| Ω | ‖ ψ ‖1,Ω, ﬀD 0D 0:Vﬂ
//W



















| Ω | C + 2gˇ
√
| Ω | ‖ ψ ‖1,Ω +
+ Cp ‖ fˆ ‖0,Ω‖ ψ ‖1,Ω, ﬀD 0D 0: /ﬂ





 9@ =7ﬃ 3 6C 8R59=94
φˆ = (uˆε1, uˆ
ε
2 ± ψ, uˆε3)
0 <574 5?3C294 ﬀD 0D 0/D ﬂ  52 >4C26

































⇀ 0 (1 ≤ i ≤ 2) faiblement dans L2(Ω), ﬀD 0D 0:Wﬂ









^C ﬀD 0D 0/Vﬂ C3 ﬀD 0D 0//ﬂ  52 5?39C23 ﬀD 0D 0:;ﬂ 0 ^C ﬀD 0D 0/Vﬂ C3 ﬀD 0D 0:;ﬂ  52 5?39C23
ﬀD 0D 0::ﬂ 0 ^C ﬀD 0D 0::ﬂ  C3 67 TF93 O7C 69G
(uˆε) = 0
 52 5?39C23 ﬀD 0D 0:D ﬂ 0 ^C ﬀD 0D 0/;ﬂ C3 ﬀD 0D 0/Vﬂ 
52 5?39C23 ﬀD 0D 0:Wﬂ 0 ^C ﬀD 0D 0/:ﬂ C3 ﬀD 0D 0/Dﬂ  52 5?39C23 ﬀD 0D 0:Yﬂ 0 ^C ﬀD 0D 0/;ﬂ  69G
(uˆε) = 0

C3 FGC8 72 8R59L >F43987@9C4 67 T5283952 3C=3 52 5?39C23 ﬀD 0D 0:Pﬂ 0
//Y























































































(fˆi, φˆi − u?i ) ∀φˆ ∈ Π(K)
ﬀD 0W 0/ﬂ

Π(K) = {φ¯ = (φˆ1, φˆ2) ∈ (H1(Ω))2 : ∃φˆ3 ∈ H1(Ω), 3C@ O7C φˆ = (φˆ1, φˆ2, φˆ3) ∈ K}.
 )
	
U2 >F==F23 357= @C= 3C4B C= 252 @92JF94C=  64593C C3 @C= 3C4B C= @92JF94C=  SF78RC
//P






























































































































































































1+ | ∇hε(x′) |2dx′,
C=3 >5=939T  6528 52 >C73 @C 2JS@9SC4 6F2= @C B CB?4C 6C SF78RC 6F2=
(4.5.2)
0 <79=  52
F>>@9O7C @F @9B 92T
ε→0




0 ^ KF>4A= @C= 4J=7@3F3= 6C
//H

































































































































































































































































































′, 0) = 0
0 Q5BBC







(φˆ1n1 + φˆ2n2) =
√

















































































































































(fˆi, φˆi − u?i ) ∀φˆ ∈ Σ(K),
ﬀD 0W 0Pﬂ








	   
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fˆx′ = (fˆ1, fˆ2)
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